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Coherence in Power Networks
• Studied since the 70s
• Podmore, Price, Chow, Kokotovic, Verghese, 

Pai, Schweppe,…

• Enables aggregation/model reduction
• Speed up transient stability analysis

• Many important questions
• How to identify coherent modes?
• How to accurately reduce them?
• What is the cause?

• Many approaches
• Timescale separations (Chow, Kokotovic,)
• Krylov subspaces (Chaniotis, Pai ‘01)
• Balanced truncation (Liu et al ‘09)
• Selective Modal Analysis (Perez-Arriaga, 

Verghese, Schweppe ‘82)
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This talk

Goal: Characterize the coherence response from a frequency domain perspective 
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• Characterization of Coherent Dynamics [Min, M ‘21]

• Reduced-Order Model of Coherent Response [Min, Paganini, M ‘21]

• Grid-forming Frequency Shaping Control [Jiang, Bernstein, Vorobev, M ‘21]

Outline



ArXiv preprint: arXiv:2101.00981
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Block Diagram:

Coherence in networked dynamical systems

Node dynamics:

Symmetric Real Network Laplacian:

Coupling dynamics: 

<latexit sha1_base64="peWDDZwgzDS2sUvOGfkFBhrzVk0="></latexit>

gi(s), i = 1, 2, · · · , n
<latexit sha1_base64="HZVR2sRoh12YNnusyFY9q1xV018="></latexit>

L
<latexit sha1_base64="GrmIPGD8gQoaWw5NVb5eiLcrS4o="></latexit>

L = V ⇤V T , V = [1/
p
n, V?]

⇤ = diag{0,�2(L), · · · ,�n(L)}
<latexit sha1_base64="b9SfIufO3PdAxoVj8jCqQ7bvD0w="></latexit>

f(s)

Examples:
• Consensus Networks:

• Power Networks (2nd order generator):

<latexit sha1_base64="fjDw82USOA16ljcrpBI8WrsLkmI="></latexit>

gi(s) =
1

s
f(s) = 1

<latexit sha1_base64="YcvXqFeHXjGKn1qxH2kdzkpbbMs="></latexit>

gi(s) =
1

mis+ di +
r�1
i

⌧is+1

f(s) =
1

s
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Coherence in networked dynamical systems
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Block Diagram:

?

1.When does this 
network exhibit 

coherence?

ḡ(s)

1
n

Pn
i=1 ui ȳ

<latexit sha1_base64="ErWOCgjPvgrnZs1qFK8Jq+kY4lQ="></latexit>

2.What is the exact 
coherent dynamics of 

this network?

1. Coherence can be understood as a low rank 
property the closed-loop transfer matrix

2. It emerges as the effective algebraic 
connectivity increases

3. The coherent dynamics is given by the 
harmonic mean of nodal dynamics 

<latexit sha1_base64="IRG/yCjagirhiy84OpH//i9PsR0="></latexit>

ḡ(s) =

 
1

n

nX

i=1

g�1
i (s)

!�1



Network Coherence: Homogeneous Case

Mar 30 2022 Enrique Mallada (JHU) 6

gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity: 

<latexit sha1_base64="cvuo6IWnrWBl7AW9cZQEB679njk="></latexit>

g(s)I

f(s)L

u y

�

Eigendecomposition
<latexit sha1_base64="u/Nwvj2d/RQiGN+CUQd9EoL2524="></latexit>

L = V ⇤V T
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gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity: 

<latexit sha1_base64="UDkfmiAZdlxqC426CQBF86qMWqQ="></latexit>

g(s)I

f(s)⇤ V TV

u y

�

Redistribute 
<latexit sha1_base64="XJoCtyLQCOzNOt9iahPmJ5NotLw="></latexit>

V, V T



Network Coherence: Homogeneous Case
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gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity: 

<latexit sha1_base64="Td3J6GoOov33LiF0yZdf2FatRTk="></latexit>

V T V g(s)I V T V

f(s)⇤

u y

�

<latexit sha1_base64="qHQx9QStl+r4V+lYwhZjijhqr04="></latexit>

V TV = I

Merge forward path
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gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity: 

<latexit sha1_base64="HvsuOf67XirpEeKAJvXVYL414WU="></latexit>

V T g(s)I V

f(s)⇤

u y

�
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gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity: 

<latexit sha1_base64="EnTIuoxisB+HKN9AlDBNQyz2Sr4="></latexit>

V T diag

⇢
1

g�1(s) + f(s)�i(L)

�
V

u y



Network Coherence: Homogeneous Case
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gi(s) = g(s), i = 1, · · · , n
<latexit sha1_base64="dPyOWK67kN60CdQTVFTbgylXcVU="></latexit>

Assume homogeneity:
The transfer matrix from input 𝑢 to output 𝑦 :

Coherent dynamics 
independent of the 
network structure

Dynamics dependent of 
the network structure

<latexit sha1_base64="Zn2jG33X2Iy8WMSjX79z1R51+CY="></latexit>

T (s) = V diag

⇢
1

g�1(s) + f(s)�i(L)

�n

i=1

V T

<latexit sha1_base64="D7dUSBtogBznewB321Zn7XELGDc="></latexit>

T (s) =
1

n
g(s)11T + V?diag

⇢
1

g�1(s) + f(s)�i(L)

�n

i=2

V T
?

<latexit sha1_base64="WPnt+Dch9dIyptjoRXzO2dibF4k="></latexit>

V = [1/
p
n, V?], �1(L) = 0



Network Coherence: Homogeneous Case
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<latexit sha1_base64="EKAp5ySPXAEbWLK3j1ZgUgFxBnM="></latexit>

T (s) =
1

n
g(s)11T + V?diag

⇢
1

g�1(s) + f(s)�i(L)

�
V T

The rank-one property of the coherent dynamics leads to:

The rank-one coherence dynamics effectively synchronizes the response 
of every node to that of #𝑦(𝑠) = !

"𝑔 𝑠 ∑#$!" 𝑢#(𝑠)

<latexit sha1_base64="xcBSzl15QhGqrBE4UxUytxhyg1o=">AAAB/XicbVDLSgMxFL3js9ZX1aWbYBHqpsxI0S4LblxWsA9oh5JJM21okhmSjFiG4h+41R9wJ279Fvd+iJl2Ftp64MLhnHs5lxPEnGnjul/O2vrG5tZ2Yae4u7d/cFg6Om7rKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zQJVmkbw305j6Ao8kCxnBJpOSir4YlMpu1Z0DrRIvJ2XI0RyUvvvDiCSCSkM41rrnubHxU6wMI5zOiv1E0xiTCR7RnqUSC6r99HH+7AydW2mIwkjZkQbN1d8nKRZaT0VgNwU2Y73sZeK/XhCIpWwT1v2UyTgxVJJFcphwZCKUVYGGTFFi+NQSTBSz3yMyxgoTYwsr2lq85RJWSfuy6l1Va3e1cqOeF1SAUziDCnhwDQ24hSa0gMAYnuEFXp0n5815dz4Wq2tOfnMCf+B8/gBGP5Vm</latexit>

u(s)• Input aggregation, for any given input vector           :
<latexit sha1_base64="Shn3OFUPMlfg6GHanJubB9kBON0="></latexit>

y(s) =
1

n
g(s)11Tu(s) =

1

n
g(s)1

 
nX

i=1

ui(s)

!

• Output synchronization, given any two nodes 𝑖 and 𝑗:
<latexit sha1_base64="S/okA/0M2RtwgFo7M+WFwCpkDOo="></latexit>

yi(s)� yj(s) =
1

n
g(s)1Tu(s)� 1

n
g(s)1Tu(s) = 0



Network Coherence: Homogeneous Case
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<latexit sha1_base64="EKAp5ySPXAEbWLK3j1ZgUgFxBnM="></latexit>

T (s) =
1

n
g(s)11T + V?diag

⇢
1

g�1(s) + f(s)�i(L)

�
V T

The effect of non-coherent dynamics vanishes as:

• The 𝑠-region of interest gets 
close to a pole of 

For               , a pole of 

<latexit sha1_base64="6ZgZcyZSz/Bjysgsgx/B9OFBuAs="></latexit>

f(s)

<latexit sha1_base64="CJNPZQ8+nUr/LcqCFYfY+B0I0Y4="></latexit>

s0 2 C
<latexit sha1_base64="6ZgZcyZSz/Bjysgsgx/B9OFBuAs="></latexit>

f(s)
<latexit sha1_base64="IYk1iYPqNPNfoHEiHcmOoqnvM2E="></latexit>

lim
s!s0

����T (s)�
1

n
g(s)11T

���� = 0

• The algebraic connectivity of 
the network increases

For almost any 

<latexit sha1_base64="LJsvA7WbreRW3TEhYkocNPtsBZE="></latexit>

�2(L)

<latexit sha1_base64="CJNPZQ8+nUr/LcqCFYfY+B0I0Y4="></latexit>

s0 2 C
<latexit sha1_base64="jj/g4NcC9oTaHq8r/6jJGRyjzJM="></latexit>

lim
�2(L)!+1

����T (s0)�
1

n
g(s0)11T

���� = 0

Our frequency-dependent coherence measure                                          is 
controlled by the effective algebraic connectivity                        

<latexit sha1_base64="92bKs2mioLxgeZqkTzRJh4zlpNg="></latexit>��T (s)� 1
ng(s)11T

��
<latexit sha1_base64="YLlbJwhh72dcLupowCzz1TlPaL0="></latexit>

|f(s)|�2(L)



Network Coherence: Heterogeneous Case

<latexit sha1_base64="faD3iKCXcM2XDuB8h4f3P70xrwo="></latexit>

diag{gi(s)}

f(s)L

u y

�
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Network Coherence: Heterogeneous Case
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The transfer matrix from input 𝑢 to output 𝑦 :
<latexit sha1_base64="JkFXyfbvGRI5yF57njqpoiCvBC4="></latexit>

T (s) = V
�
V Tdiag{g�1

i (s)}V + f(s)⇤
��1

V T

<latexit sha1_base64="F8UqfvltMONTB340rELaNYcNzU0="></latexit>

V T
�
V Tdiag{g�1

i (s)}+ f(s)⇤
��1

V
u y<latexit sha1_base64="RiIYGKdUoQL5RbPc95cyTlaUQO0="></latexit>�

V Tdiag{g�1
i (s)}V + f(s)⇤

��1



Network Coherence: Heterogeneous Case
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The transfer matrix from input 𝑢 to output 𝑦 :
<latexit sha1_base64="JkFXyfbvGRI5yF57njqpoiCvBC4="></latexit>

T (s) = V
�
V Tdiag{g�1

i (s)}V + f(s)⇤
��1

V T

Coherent 
Dynamics?

Network
Dependent?

<latexit sha1_base64="qmx1+vcbgbSdeZN2F2PoMPgj418="></latexit>

T (s) =
1

n
ḡ(s) T + N(s)



Informed guess for coherent dynamics: !𝒈(𝒔)
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Block Diagram:

d
<latexit sha1_base64="ti4DNMBAZV85zhDDoprTRpurOLE="></latexit>

Dynamics for node 𝑖
yi(s) = gi(s)(ui(s)� di(s)), i = 1, · · · , n

<latexit sha1_base64="A1g8VpmpD8D8SnTk2Zas/NIcCOw="></latexit>

Assume all nodes
output are identical
as the result of 
coherence

yi(s) = ȳ(s)
<latexit sha1_base64="UhPFo48H6UG2+0UFVwCBOD2QQhc="></latexit>

g�1
i (s)ȳ(s) = ui(s)� di(s), i = 1, · · · , n

<latexit sha1_base64="NQSfvDHfj2MtGSX/5M6nQZLbR6M="></latexit>

Average equations from 𝑖 = 1 to 𝑛:
<latexit sha1_base64="P99kIAQyyE/DH3IvF1Lf6DOb3r8="></latexit> 
1

n

nX

i=1

g�1
i (s)

!
ȳ(s) =

1

n

nX

i=1

ui(s)�
1

n

nX

i=1

di(s)

=0

1TL = 0
<latexit sha1_base64="J2DPfrJNWcahzWE1ct7l5Q2nFsw="></latexit>

Coherent Dynamics:

ȳ(s) =

 
1

n

nX

i=1

g�1
i (s)

!�1
1

n

nX

i=1

ui(s)
<latexit sha1_base64="6s16KTZA3rnLW0NvrH0srp5IaEg="></latexit>

ḡ(s) =

 
1

n

nX

i=1

g�1
i (s)

!�1

<latexit sha1_base64="JHWvjcjrpI0cwf1XkRYKM3N/bns="></latexit>

Harmonic mean of all 𝑔%(𝑠)
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Network Coherence: Heterogeneous Case

The effect of non-coherent dynamics vanishes as:

• For               , a pole of 
<latexit sha1_base64="CJNPZQ8+nUr/LcqCFYfY+B0I0Y4="></latexit>

s0 2 C
<latexit sha1_base64="6ZgZcyZSz/Bjysgsgx/B9OFBuAs="></latexit>

f(s)
<latexit sha1_base64="mR56l2g7JXs/NorC0oHd1RZtEyw="></latexit>

lim
s!s0

����T (s)�
1

n
ḡ(s) T

���� = 0

• For almost any 
<latexit sha1_base64="CJNPZQ8+nUr/LcqCFYfY+B0I0Y4="></latexit>

s0 2 C
<latexit sha1_base64="lxeqlXZ6F/Pq5s6gJ5fj7TJDO48="></latexit>

lim
�2(L)!+1

����T (s0)�
1

n
ḡ(s0)

T

���� = 0
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<latexit sha1_base64="IwbmvkrYI9XOUPfFVbJVxnt7guk="></latexit>

T (s) =
1

n
ḡ(s) T + T (s)� 1

n
ḡ(s) T

<latexit sha1_base64="/6Z5lF5j11Y6xFfmAOo9o+kETZs="></latexit>

ḡ(s) =

 
1

n

nX

i=1

g�1
i (s)

!�1

• Extensions for random network ensembles, 𝑔! 𝑠 ≔ 𝑔 𝑠, 𝑤! (𝑤! random), then   �̅� 𝑠 = (𝐸"[ 𝑔#$ 𝑠, 𝑤 ])#$

• Convergence of transfer matrix is related to time-domain response by Inverse Laplace Transform

• We can further prove uniform convergence over a compact subset of complex plane, if it doesn’t contain any 
zero nor pole of �̅�(𝑠)

• Excluding zeros: the limit holds at zero, but by different convergence result 



Connection to Time Domain

If �̅�(𝑠) and 𝑇 𝑠 stable ( �̅� 2, 𝑇 2 ≤ 𝛾), then there is �̅� = 𝑂 ⁄3 4 such that: 

• 𝜺-approximation, for any network 𝐿, with 𝜆5 𝐿 ≥ �̅�

where #𝑦 𝑡 is the coherence dynamics response:

• element-wise coherence, for any pair of nodes 𝑖 and 𝑗
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<latexit sha1_base64="ANffD3+nFSm5DL8oG+rtO1h+UtY="></latexit>

sup
t>0

|yi(t)� ȳ(t)|  "
<latexit sha1_base64="h+hO82SzMqglZnMKzmV7rBG5f7U="></latexit>

y(s) = ḡ(s)
1

n

nX

i=1

ui(s)

<latexit sha1_base64="IuClC3X+E0E9da7/CG9peLjEn3U="></latexit>

sup
t>0

|yi(t)� yj(t)|  2"



Step Disturbance
`

Example: Icelandic Power Grid
• Iceland power network: 189 buses, 35 generators, load 1.3GW (PSAT)
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Icelandic Grid

<latexit sha1_base64="YcvXqFeHXjGKn1qxH2kdzkpbbMs="></latexit>

gi(s) =
1

mis+ di +
r�1
i

⌧is+1

f(s) =
1

s



Example: Effect of Network Algebraic Connectivity
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𝜆! 𝐿 ↑

Coherent dynamics acts as a more accurate version of the Center of Inertia (CoI)



Example: Sinusoidal Disturbances: sin(𝝎𝒅𝒕)
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𝜔" ↑



• Characterization of Coherent Dynamics [Min, M ‘21]

• Reduced-Order Model of Coherent Response [Min, Paganini, M ‘21]

• Grid-forming Frequency Shaping Control [Jiang, Bernstein, Vorobev, M ‘21]

Outline
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Aggregation of Coherent Generators

gi(s) =
1

mis+ di +
r�1
i

⌧is+1
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mi: inertia
di: damping coe�cient
r�1
i : droop coe�cient
⌧i: turbine time constant
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coherent group of n generators

Aggregation
disturbance

Angular velocity

ui
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ŵ
<latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit><latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit><latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit><latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit>

Pn
i=1 ui

<latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit><latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit><latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit><latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit>

wi
<latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit><latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit><latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit><latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit>
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Aggregation of Coherent Generators

gi(s) =
1

mis+ di +
r�1
i

⌧is+1
<latexit sha1_base64="gozC3aXcJ7euXiucQL2JdJ+MtN8="></latexit><latexit sha1_base64="eI49DLWxE8ycnpKyb5gr1ERkfMk="></latexit><latexit sha1_base64="eI49DLWxE8ycnpKyb5gr1ERkfMk="></latexit><latexit sha1_base64="IZ7OTbnqxUvaSlqgI+Z2G85HK8Q="></latexit>

Question: How to choose the 
different parameters of :𝑔(𝑠)?

ui
<latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit><latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit><latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit><latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit>

u1
<latexit sha1_base64="VMtX2h/aP04ELvERfdsgHOM3B6c="></latexit><latexit sha1_base64="VMtX2h/aP04ELvERfdsgHOM3B6c="></latexit><latexit sha1_base64="VMtX2h/aP04ELvERfdsgHOM3B6c="></latexit><latexit sha1_base64="VMtX2h/aP04ELvERfdsgHOM3B6c="></latexit>

un
<latexit sha1_base64="a5a1LiW2aZtnIX2NqK4CuXavdAY="></latexit><latexit sha1_base64="a5a1LiW2aZtnIX2NqK4CuXavdAY="></latexit><latexit sha1_base64="a5a1LiW2aZtnIX2NqK4CuXavdAY="></latexit><latexit sha1_base64="a5a1LiW2aZtnIX2NqK4CuXavdAY="></latexit>

wn
<latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="DvJafDcKZ43ESw4+L3MU2ivia10="></latexit><latexit sha1_base64="oNRrRmYw3XPd77xl3e5TqtAtD3k="></latexit><latexit sha1_base64="oNRrRmYw3XPd77xl3e5TqtAtD3k="></latexit><latexit sha1_base64="NlAfQl7FLWY3P1HQ29a2fpkcW68="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit><latexit sha1_base64="xt7SLJzMR34SQg9iIx5SSGsCwV0="></latexit>

w1
<latexit sha1_base64="XwGcbvXABKCnk/ryYfSqEtjPmMw="></latexit><latexit sha1_base64="XwGcbvXABKCnk/ryYfSqEtjPmMw="></latexit><latexit sha1_base64="XwGcbvXABKCnk/ryYfSqEtjPmMw="></latexit><latexit sha1_base64="XwGcbvXABKCnk/ryYfSqEtjPmMw="></latexit>

ui
<latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit><latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit><latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit><latexit sha1_base64="nEVCaBwYWCl5VjNt1w7Oh125P88="></latexit>

ŵ
<latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit><latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit><latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit><latexit sha1_base64="DIK4Exb/T5S7MYIlu574FLaH+VE="></latexit>

Pn
i=1 ui

<latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit><latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit><latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit><latexit sha1_base64="AWwv0CYfXz99b3FvY0Im0lYm5OY="></latexit>

wi
<latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit><latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit><latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit><latexit sha1_base64="fRzJTnpKiOfq7noLepiUGJEXBuw="></latexit>

Aggregation

<latexit sha1_base64="EuDLcL2F0/2Ng+8vfBiZv03lBow="></latexit>

ĝ(s) =
1

m̂s+ d̂+ r̂�1

⌧̂s+1

disturbance

Angular velocity

Coherent group of n generators

Answer: Use instead
<latexit sha1_base64="lAmpivdcj4cW8HjB45SNwDCXn3Q="></latexit>

ĝ(s) =
1

n
ḡ(s) =

 
nX

i=1

g�1
i (s)

!�1
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Challenges on Aggregating Coherent Generators
For generator dynamics given by a swing model with 
turbine control:

The aggregate dynamics:

high-order if       are heterogeneous

Need to find a low-order 
approximation of 

⌧i
<latexit sha1_base64="ZGm6k+WzE2cGfm40L9qwIDMS5v0="></latexit><latexit sha1_base64="FNjADv7X3h4aXHwoaMfaawl4o7s="></latexit><latexit sha1_base64="FNjADv7X3h4aXHwoaMfaawl4o7s="></latexit><latexit sha1_base64="JN7VrcOeyQv6vrE2USLSxTISuVA="></latexit>



When time constants are heterogenous:

Time constant 𝜏 is chosen by: 
- Optimization: Germond’78, Guggilam’18
- Weighted harmonic mean: Ourari’06

Drawbacks: 
• the order of overall approximation model is restricted to 2nd order
• the only “decision variable” is the time constant
• does not consider the effect of inertia or damping in the approx.

Inaccurate 
Approximation

Prior Work: Aggregation for heterogeneous 𝝉𝒊s

r�1
1

⌧1s+ 1
<latexit sha1_base64="mEy2yM7fofrPAJ72I6RC+oAqJ+Y="></latexit><latexit sha1_base64="AmaX15WGfCsEKdhWeItrz5iUpTY="></latexit><latexit sha1_base64="AmaX15WGfCsEKdhWeItrz5iUpTY="></latexit><latexit sha1_base64="2MW6l8/eG5UijaC+cqczWlYhpy4="></latexit>

r�1
i

⌧is+ 1
<latexit sha1_base64="k401CEE7j4c7iSmter7VXCTyUA4="></latexit><latexit sha1_base64="zk/fmZ+trfX/I94IhRNmm+6yD6A="></latexit><latexit sha1_base64="zk/fmZ+trfX/I94IhRNmm+6yD6A="></latexit><latexit sha1_base64="vAIRQN3tVDK4GMlWMMieZsu/2VA="></latexit>

r�1
n

⌧ns+ 1
<latexit sha1_base64="MMj9kUEQaqcYWtByiIRy3DAr4hY="></latexit><latexit sha1_base64="YAYyNelgPYFCGBWo8qwBlcgS5wQ="></latexit><latexit sha1_base64="YAYyNelgPYFCGBWo8qwBlcgS5wQ="></latexit><latexit sha1_base64="08pjmxOaC3ETncBwfcvKT7vi2/0="></latexit>

...
<latexit sha1_base64="gKPv2CDn48YaocyRgDtP5V8ioDA="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="iKld/6OWGdWbWlGJE5Hu6VAxTjY="></latexit>

...
<latexit sha1_base64="gKPv2CDn48YaocyRgDtP5V8ioDA="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="iKld/6OWGdWbWlGJE5Hu6VAxTjY="></latexit>

r̂�1

⌧s+ 1
<latexit sha1_base64="+0dpKlcwYWaWRMN+ePkhTSd2eA8="></latexit><latexit sha1_base64="2G3qSKwnG1jD90IHmpoxsUVjfs0="></latexit><latexit sha1_base64="2G3qSKwnG1jD90IHmpoxsUVjfs0="></latexit><latexit sha1_base64="3uWvpkwBdDck18UUbfi70d+FhHI="></latexit>

Aggregating 
heterogenous 
turbine dynamics 

+



Leverage weighted balance truncation to build a hierarchy of approximations

Our Approach

r�1
1

⌧1s+ 1
<latexit sha1_base64="mEy2yM7fofrPAJ72I6RC+oAqJ+Y="></latexit><latexit sha1_base64="AmaX15WGfCsEKdhWeItrz5iUpTY="></latexit><latexit sha1_base64="AmaX15WGfCsEKdhWeItrz5iUpTY="></latexit><latexit sha1_base64="2MW6l8/eG5UijaC+cqczWlYhpy4="></latexit>

r�1
i

⌧is+ 1
<latexit sha1_base64="k401CEE7j4c7iSmter7VXCTyUA4="></latexit><latexit sha1_base64="zk/fmZ+trfX/I94IhRNmm+6yD6A="></latexit><latexit sha1_base64="zk/fmZ+trfX/I94IhRNmm+6yD6A="></latexit><latexit sha1_base64="vAIRQN3tVDK4GMlWMMieZsu/2VA="></latexit>

r�1
n

⌧ns+ 1
<latexit sha1_base64="MMj9kUEQaqcYWtByiIRy3DAr4hY="></latexit><latexit sha1_base64="YAYyNelgPYFCGBWo8qwBlcgS5wQ="></latexit><latexit sha1_base64="YAYyNelgPYFCGBWo8qwBlcgS5wQ="></latexit><latexit sha1_base64="08pjmxOaC3ETncBwfcvKT7vi2/0="></latexit>

...
<latexit sha1_base64="gKPv2CDn48YaocyRgDtP5V8ioDA="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="iKld/6OWGdWbWlGJE5Hu6VAxTjY="></latexit>

...
<latexit sha1_base64="gKPv2CDn48YaocyRgDtP5V8ioDA="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="JIg652cyG1Y2Pgwc3ywxHSYhGO4="></latexit><latexit sha1_base64="iKld/6OWGdWbWlGJE5Hu6VAxTjY="></latexit>

r�1
s

⌧ss+ 1
<latexit sha1_base64="mKd1gpQS86Dinl3JDBhZiTN/Zcs="></latexit><latexit sha1_base64="AsBIWaqYWa3Ahm+FGBMAjlXqVBM="></latexit><latexit sha1_base64="AsBIWaqYWa3Ahm+FGBMAjlXqVBM="></latexit><latexit sha1_base64="q/Bwovm/Z/eJqGxYwUDxb7oy6aA="></latexit>

r�1
f

⌧fs+ 1
<latexit sha1_base64="78j4L6DRQAdiJsgvfDlDHG0AOZE="></latexit><latexit sha1_base64="Gvz35fFguGyEpzASmvrT2otw9/A="></latexit><latexit sha1_base64="Gvz35fFguGyEpzASmvrT2otw9/A="></latexit><latexit sha1_base64="2xlZLI993WQV/1JhW0HrAJ3RbZg="></latexit>

The case 𝑘 = 3, leads to a more flexible approximation

<latexit sha1_base64="SbePLW18hwkXPrldEz3ZooMHb4E="></latexit>

g̃k(s) =
1

m̃s+ d̃+ g̃tb,k�1(s)



Comparison with (Some) Existing Methods

14

By essentially relaxing the restrictions on reduced order model:
• increase the model order to 3rd order,
• reduction on closed-loop dynamics,
our proposed models outperform models by conventional approach

Enrique Mallada (JHU)October 22 2019



• Characterization of Coherent Dynamics [Min, M ‘21]

• Reduced-Order Model of Coherent Response [Min, Paganini, M ‘21]

• Grid-forming Frequency Shaping Control [Jiang, Bernstein, Vorobev, M ‘21]

Outline



IEEE Transactions on Power Systems, 2021[TPS 21]

IEEE Control Systems Letters, 2021[L-CSS 21]



Key idea: use model matching control (at each bus/area)

Grid-following Frequency Shaping Control

Mar 30 2022 Enrique Mallada (JHU) 15

w̄
<latexit sha1_base64="IiiK1e8RM0hvnQOJAj2RnwsA8qc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWwR4LXjxWsK3QLiWbZtvYbLIkWaUs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaXvQ2KY4JK1LLeC3SeakTgUrBOOr2d+55Fpw5W8s5OEBTEZSh5xSqyT2r2QaPzUL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe1a1b+o1m4vK416HkcRTuAUzsGHK2jADTShBRQe4Ble4Q0p9ILe0ceitYDymWP4A/T5AzGEjtg=</latexit>

RoCoF:<latexit sha1_base64="jEtLdToE0TMnkpDMMkwFV8wxm9w="></latexit>

|| ˙̄w||1 =
|
P

i u0i|P
i fi

1

a

w̄
<latexit sha1_base64="IiiK1e8RM0hvnQOJAj2RnwsA8qc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWwR4LXjxWsK3QLiWbZtvYbLIkWaUs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaXvQ2KY4JK1LLeC3SeakTgUrBOOr2d+55Fpw5W8s5OEBTEZSh5xSqyT2r2QaPzUL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe1a1b+o1m4vK416HkcRTuAUzsGHK2jADTShBRQe4Ble4Q0p9ILe0ceitYDymWP4A/T5AzGEjtg=</latexit>

<latexit sha1_base64="15/gxdv7Bio7KKmIcg5aHkTcRDo="></latexit>

A1 = ⌧ (a�m)

A2 = b⌧ + a�m

A3 = b� rg � d<latexit sha1_base64="c0zJsyY8iWBgd5UzNlJHq0hglaQ="></latexit>

cfs(s) :=
A1s2 +A2s+A3

⌧s+ 1

[TPS 21] Jiang, Cohn, Vorobev, M, Storage-based frequency shaping control, IEEE Transactions on Power Systems, under review

<latexit sha1_base64="IVBWBRgWfr0OUDEB/Mf13ZrJ17I=">AAAB/HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8mkmTY0yQxJRixD/QO3+gPuxK3/4t4PMdPOQlsPXDiccy/ncoKYM21c98sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg689sPVGkWyXsziakv8FCykBFsrHSX9Fm/XHGr7gxomXg5qUCORr/83RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2nj7Nfp+jESgMURsqONGim/j5JsdB6IgK7KbAZ6UUvE//1gkAsZJvw0k+ZjBNDJZknhwlHJkJZE2jAFCWGTyzBRDH7PSIjrDAxtq+SrcVbLGGZtM6q3nm1dlur1K/ygopwBMdwCh5cQB1uoAFNIDCEZ3iBV+fJeXPenY/5asHJbw7hD5zPHynGlWo=</latexit>ui
<latexit sha1_base64="auaXbVtnlRRIzvI8JzVbaNPLa/Y=">AAAB/HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWtA9oh5JJM21okhmSjFqG+gdu9QfciVv/xb0fYtrOQlsPXDiccy/ncoKYM21c98vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehq6rfuqdIskndmHFNf4IFkISPYWOn2ocd6xZJbdmdAy8TLSAky1HvF724/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/fZz9OkEnVuqjMFJ2pEEz9fdJioXWYxHYTYHNUC96U/FfLwjEQrYJL/yUyTgxVJJ5cphwZCI0bQL1maLE8LElmChmv0dkiBUmxvZVsLV4iyUsk+ZZ2auWKzeVUu0yKygPR3AMp+DBOdTgGurQAAIDeIYXeHWenDfn3fmYr+ac7OYQ/sD5/AEs9pVs</latexit>wi

<latexit sha1_base64="IVBWBRgWfr0OUDEB/Mf13ZrJ17I=">AAAB/HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8mkmTY0yQxJRixD/QO3+gPuxK3/4t4PMdPOQlsPXDiccy/ncoKYM21c98sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg689sPVGkWyXsziakv8FCykBFsrHSX9Fm/XHGr7gxomXg5qUCORr/83RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2nj7Nfp+jESgMURsqONGim/j5JsdB6IgK7KbAZ6UUvE//1gkAsZJvw0k+ZjBNDJZknhwlHJkJZE2jAFCWGTyzBRDH7PSIjrDAxtq+SrcVbLGGZtM6q3nm1dlur1K/ygopwBMdwCh5cQB1uoAFNIDCEZ3iBV+fJeXPenY/5asHJbw7hD5zPHynGlWo=</latexit>ui
<latexit sha1_base64="auaXbVtnlRRIzvI8JzVbaNPLa/Y=">AAAB/HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWtA9oh5JJM21okhmSjFqG+gdu9QfciVv/xb0fYtrOQlsPXDiccy/ncoKYM21c98vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehq6rfuqdIskndmHFNf4IFkISPYWOn2ocd6xZJbdmdAy8TLSAky1HvF724/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/fZz9OkEnVuqjMFJ2pEEz9fdJioXWYxHYTYHNUC96U/FfLwjEQrYJL/yUyTgxVJJ5cphwZCI0bQL1maLE8LElmChmv0dkiBUmxvZVsLV4iyUsk+ZZ2auWKzeVUu0yKygPR3AMp+DBOdTgGurQAAIDeIYXeHWenDfn3fmYr+ac7OYQ/sD5/AEs9pVs</latexit>wi

Leads to CoI Frequency $𝑤 with:

Steady-state:<latexit sha1_base64="KR9CRK8m6apFRbSqGBRyuh1CM1g="></latexit>

w̄(1) =

P
i u0iP
i fi

1

b

<latexit sha1_base64="8V4oDRkDp7EsFPmH0yySg6dsEh8=">AAACBHicbVDLSgMxFM3UV62vUZfdBKsgCGVGirosuHFZwT6gHYZMJtOGJpkhyQhlmIUbf8WNC0Xc+hHu/BvTdhBtPXDh5Jx7yb0nSBhV2nG+rNLK6tr6RnmzsrW9s7tn7x90VJxKTNo4ZrHsBUgRRgVpa6oZ6SWSIB4w0g3G11O/e0+korG405OEeBwNBY0oRtpIvl0dRBLhzM2zyKf5z4OrszD37ZpTd2aAy8QtSA0UaPn25yCMccqJ0Jghpfquk2gvQ1JTzEheGaSKJAiP0ZD0DRWIE+VlsyNyeGKUEEaxNCU0nKm/JzLElZrwwHRypEdq0ZuK/3n9VEdXXkZFkmoi8PyjKGVQx3CaCAypJFiziSEIS2p2hXiETBDa5FYxIbiLJy+Tznndvag3bhu15nERRxlUwRE4BS64BE1wA1qgDTB4AE/gBbxaj9az9Wa9z1tLVjFzCP7A+vgGVL+Ycw==</latexit>

1

fi

1

ms+ d

<latexit sha1_base64="1PTdHCFrFonhG7VenYQtPt4EbCI=">AAACBnicbVDLSsNAFL2pr1pfUZciDFZBEEsiRV0W3LisYB/QxDCZTtqhkwczE6GErNz4K25cKOLWb3Dn3zitWWjrgQuHc+7l3nv8hDOpLOvLKC0sLi2vlFcra+sbm1vm9k5bxqkgtEViHouujyXlLKItxRSn3URQHPqcdvzR1cTv3FMhWRzdqnFC3RAPIhYwgpWWPHM/8JgTCEwy4Q3uslM7zzNH4RRJdGLnnlm1atYUaJ7YBalCgaZnfjr9mKQhjRThWMqebSXKzbBQjHCaV5xU0gSTER7QnqYRDql0s+kbOTrSSh8FsdAVKTRVf09kOJRyHPq6M8RqKGe9ifif10tVcOlmLEpSRSPysyhIOVIxmmSC+kxQovhYE0wE07ciMsQ6FKWTq+gQ7NmX50n7rGaf1+o39WrjsIijDHtwAMdgwwU04Bqa0AICD/AEL/BqPBrPxpvx/tNaMoqZXfgD4+MbjHWYbw==</latexit>
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Challenge: Solution Limited to Grid-following Inverters



Key idea: use model matching control on coherent dynamics

Grid-forming Frequency Shaping Control
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Summary
• Frequency domain characterization of coherent dynamics, as a low rank property of the 

transfer function.

• Coherence is a frequency dependent property:
• Effective algebraic connectivity 𝑓 𝑠 𝜆!(𝐿)
• Disturbance frequency spectrum

• We use frequency weighted balanced truncation to suggest possible improvements to 
obtain accurate reduced order model of aggregated dynamics of coherent generators:
- increase model complexity (3rd order/two turbines)
- model reduction on closed-loop dynamics

• Grid-forming Frequency Shaping Control
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