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Motivation

Time delay and bandwidth limitation are widespread in real-world

implementations of networked control systems
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Motivation

We address bandwidth limitation using event-triggered (ET) control

? challenging due to interplay between ET and time delay

ET Control @

Y

[ No instantaneous }

control
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Outline

@ Problem Statement
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Problem Statement
Dynamics

z(t)

tk
u(tr)
s

é(tr)) . U(¢(t))
General nonlinear dynamics: |

Plant. {a‘s(t) = f((t), u(@(
é(t) =t - D(t)
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Problem Statement

Objective
u(ep(t)) u(o(t))
General nonlinear dynamics: @
Dl {a‘c(t) = f@®),u(6®)  p ()
o(t) =t - D(1)
u(tr)
[

Assumptions

o {u(t) | ¢(0) <t <0} is given and bounded
e No finite escape time
e Delay bounds: 0 <t — ¢(t) < Mp and 0 < mg < ¢(t) < M,
e Globally Lipschitz K : R — R, K(0) = 0 exists s.t.
x(t) = fa(t), K(z(t)) + w(t)) is ISS with respect to w

v
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Problem Statement

u(¢(tr)) u(o(t))
General nonlinear dynamics: @

i) = F@®),u(6() e 10

Plant: {
o(t) = t — D(1)
u(ty)
[

Design Objective

1. Event-triggered stabilization: closed-loop GAS using
u(t) = u(tk) te [tk,tk+1), ke ZZO
2. No Zeno behavior:

lim ¢, = oo
k—o00

vy
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Outline
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Controller Structure

u($(tr)) u(o(t))
=

D(t) z(t)

tr

u(tr)
(o)
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Controller Structure

u($(tr)) u(o(t))
k

D(t) z(t)

tr

u(tr)
(o)
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Controller Structure

D(®) @ 0

tr

(Gt )
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Predictor Feedback [Bekiaris-Liberis and Krstic, 2013]

e p(t) is the prediction of the future state of the plant:

s
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¢ ()
2(t) + / F @), u(dm))dr - s = ¢(r)

o)+ [ fo(s) u) @
(%) 5

ds, t>0
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Predictor Feedback [Bekiaris-Liberis and Krstic, 2013]

e p(t) is the prediction of the future state of the plant:

e Computing p(t) requires:
1. State feedback: z(t)
2. Control history: {u(s)|¢(t) < s <t}

3. Prediction history: {p(s)|¢(t) < s <t}

e FEither analytical or numerical integration is used
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Event-Triggered Law

e S(z(t)) = Lyapunov function for the delay-free system:

ay(lz]) < S(x) < as(|=])
oS

%f(x,K(x) +w) < —y(|z]) + p(|wl)
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Event-Triggered Law

e S(z(t)) = Lyapunov function for the delay-free system:

ai(|z]) < S(z) < aa(|z|)
?Tif(x,K(x) +w) < —y(|z]) + p(|wl)

e V(t) = Lyapunov function of the delayed system (b > 0)

V(t):S(w(t))+g / o Mdh L(t)= sup [’ Dw(e(r))|
b Jo r t<r<o(t)

w(t) = u(t) — K(p(tr))
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Event-Triggered Law

e S(z(t)) = Lyapunov function for the delay-free system:

ar(|z]) < S(z) < az(lz))
géf(m,K(x) +w) < —y(|z]) + p(|wl)

e V(t) = Lyapunov function of the delayed system (b > 0)

2L(1)
V(t):S(fv(t)Hg/0 @dn L(t)= sup " Dw(e(r))]

r t<7<o(t)

w(t) = u(t) — K(p(tr))

Proposition: Bound on V

If e(t) = p(tx) — p(t) is the prediction error,

V(t) < =v([z(0)]) = p(2L (1)) + p(2Lx |e(¢(2))])
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Event-Triggered Law

Proposition: Bound on V

If e(t) = p(tx) — p(¢) is the prediction error,

V(t) < =y(lz(®)]) — p(2L(1)) + p(2Lk |e(¢(1))])
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Event-Triggered Law

Proposition: Bound on V

If e(t) = p(tx) — p(¢) is the prediction error,

V(t) <|=(z(®)Df~ p(2L (1)) +p(2Lk|e(#(t))])

x0 € (0,1)

Erfan Nozari (UCSD) Event-triggered Control with Time-Varying Delay 9/16



Event-Triggered Law

Proposition: Bound on 1%

If e(t) = p(tx) — p(¢) is the prediction error,

V(t) <|=(z(®)Df~ p(2L (1)) +p(2Lk|e(#(t))])

x0 € (0,1)

¥

Triggering Condition

p~ 1 (0(Ip(t)]))

p(2Lkle(¢(2))]) < O1(lz(®)]) < [e(®)| < 2L

6 € (0,1)
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Event-Triggered Law

Proposition: Bound on V

If e(t) = p(tx) — p(¢) is the prediction error,

V(t) <|=v(x®))] = pL(#)) +{p(2Lk e($())])
x0 € (0,1)

¥

Triggering Condition

p~ 1 (0(Ip(t)]))

p(2Lkle(¢(2))]) < O1(lz(®)]) < [e(®)| < Y 6 (0,1)
¥
V(t) < —(1 = 0)y(|lz(t)]) — p(2L(t)) )
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Satisfaction of Design Objectives

1. Event-triggered stabilization:

There exists 5 € KL s.t. for any 2(0) € R™ and bounded {u(t)}?:¢(0),

2@+ swp_[u(r) < B(2(0)|+ suwp |u(r)l,t), 20
p(t)<T<t $(0)<7<0
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Satisfaction of Design Objectives

1. Event-triggered stabilization:

There exists 5 € KL s.t. for any 2(0) € R™ and bounded {u(t)}?:¢(0),

2@+ swp_[u(r) < B(2(0)|+ suwp |u(r)l,t), 20
d(t)<T<t #(0)<7<0

2. No Zeno behavior:
e Solve # = My(1 +r)(Ls(1 + L) + LyLxr), 7(0) =0
e Define § = 7“_1(%)

2L, —1,/0K
Then:
tpt1 — tr >0, kE>1

4
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Outline

® The Linear Case

o Communication-Convergence Trade-off
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The Linear Case
Exponential Stability
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The Linear Case
Exponential Stability

v K(z) = Kz, globally Lipschitz
L] LK = |K‘
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The Linear Case
Exponential Stability

v K(z) = Kz, globally Lipschitz
[ ] LK = |K‘

v S(z)=zTPx
e (A+BK)"P+P(A+BK)=-Q, Q>0
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The Linear Case
Exponential Stability

v K(z) = Kz, globally Lipschitz
[ ] LK = |K‘

v S(z)=zTPx
e (A+BK)"P+P(A+BK)=-Q, Q>0

v' Triggering condition: |e(t)| < %u’(t”v 0>0
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The Linear Case
Exponential Stability

£(t) = f(z(t), u(d(t)) = Az(t) + Bu(e(t))
v K(z) = Kz, globally Lipschitz
[ ] LK = |K‘

v S(z)=zTPx
e (A+BK)"P+P(A+BK)=-Q, Q>0

v’ Triggering condition: |e(t)| < I\HISBHK| [p(t)], 0>0

v' Closed-loop GES with rate y = %jj‘(‘}@
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The Linear Case
Exponential Stability

o(t) = f(x(t), u(4(t)) = Az(t) + Bu(o(t))
v K(z) = Kz, globally Lipschitz
[ ] LK = |K‘

v S(z)=zTPx
e (A+BK)"P+P(A+BK)=-Q, Q>0

v' Triggering condition: |e(t)| < Z|"IEB|\K\ Ip(t)], >0

v' Closed-loop GES with rate y = W
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The Linear Case
Exponential Stability

&(t) = f(x(t), u(d(t))) = Ax(t) + Bu(e(t))

v K(z) = Kz, globally Lipschitz

v S(z)=zTPx
e (A+BK)"P+P(A+BK)=-Q, Q>0

v' Triggering condition: |e(t)| < 4|P§36|2\I\<\F|p( s >0

v' Closed-loop GES with rate y = w

Question: How to balance communication cost (~ 0)

and convergence speed (~ )7
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The Linear Case
Communication-Convergence Trade-off

Using Q = ¢I,,, P, = ¢~ ' P, we have a multi-objective optimization:

Vo
Ll 1 -4 2-6
Ji(0) =6 = In ) Jz(e)—ﬂ—m

a—cC

NG
¢t R BIRTC
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The Linear Case
Communication-Convergence Trade-off

Using Q = qI,,, P, = ¢~ P, we have a multi-objective optimization:

Vo
1 . ¢+ EEERS 2-0
Jl(g) = (S = ln |PlBHK‘ 5 Jz(e) = U=-——"—="=
a—Cc  c4 |PlBt\9\K\C 4Amax (1)

v' The Pareto front is the entire domain 6 € [0, 1]
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Outline

@ Numerical Results
o Compliant Nonlinear System

@ Non-compliant Nonlinear System
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Numerical Results
Compliant Nonlinear System

fz,u) = o t=0()=D(@) =

1+ T2
tanh(zy) + 22 +u

6

3 %\ ‘—961(15) —xa(t) —pi(t) *Pz(t)‘
0 \

3

6

2

‘\ %
‘ ‘\\‘ ! | | ‘

Triggering condition: |e(t)| < p|p(t)]
v Analytically p ~ 0.015, but stability remains until p ~ 0.9
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Numerical Results
Non-compliant Nonlinear System

T+ X2

, t—o(t)=D in(t
et #(t) = D + asin(t)

f($7u) =

v' D = 0.5 is known but the perturbation magnitude a = 0.05 is not

4

i (t) —aa(t) —pi(t) —pa(t)]
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Conclusions and Future Work

In this talk, we

v' designed a predictor-based event-triggered GAS control law for
arbitrary, known time-varying delays

v/ uniformly lower bounded the inter-event times

(\

proved GES in the linear case

v/ analyzed the communication-convergence trade-off for linear systems
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Conclusions and Future Work

In this talk, we

v' designed a predictor-based event-triggered GAS control law for
arbitrary, known time-varying delays

v/ uniformly lower bounded the inter-event times

(\

proved GES in the linear case

v/ analyzed the communication-convergence trade-off for linear systems

Future work includes the extension of this approach to

-~

systems with disturbances

-~

systems with unknown time delays

-~

networked control scenarios with multiple agents
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Questions and Comments

E—
——

Ly |
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