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Power Network: Efficiency & Robustness

Efficiency
© Economic Dispatch
© Optimal Power Flow

Robustness
@ Voltage Collapse
@ Cascading Failure

How to identify the disturbances under which
(a) frequencies of buses stay within safe bounds, and
(b) power flows of transmission lines stay within safe bounds?

Y. Zhang & J. C (UCSD) May 25, 2017



Outline

@ Problem Statement
o Linearized Power Network Dynamics
o Disturbance Modeling

© Equivalent Transformation
@ Time Domain Solution
@ Set Decomposition

© Approximation of the Feasibility Set
@ Outer Approximations
@ Inner Approximations

@ Simulations




Linearized Power Network Dynamics

0] =[5 e o] [ oo

A=, A2, .. Ap]T € R™— angle difference vector
Q = [w1,ws,...wy]T € R"— frequency vector

M € R™"™— inertia matrix

E € R"*"— damping/droop parameter matrix

Y, € R™*™— susceptance matrix

P = [p1,pa,-..pn]T € R™— power injection vector
(Y,A = [f1, fa, - - - fm]T € R™— power flow vector)
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Disturbance Modeling

Power network dynamics




Disturbance Modeling

Power network dynamics

P(t,K) = Py(t) + P(t, K)
Po(t) € R™: scheduled power injection
P(t, K) € R™: power disturbance
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Example

1(t) Ky
= 0
| 1(t)e Ko+ 1(t — 0.5) K3
[1 0 0] [1(¢) 0 0 K,
=10 0 Of | 0 1(t)e! 0 K,
01 1|0 0 1(t—0.5)] | K3

P(t, K) = “location x trajectory form x amplitude” J

Y. Zhang & J. Cortés (UCSD)



Problem Statement

Power network dynamics
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Problem Statement

Power network dynamics

[A(t, K)} - [_ 0rxm D ] [A(t, K)

O,
Q(t, K) MDY, —-MT'E||Q(, K)] " [M_l (Po(t) + BKDC(t)K)]

For a given 0 < t; < to, find all K’s that guarantee:
@ Transient-state frequency bound: Q™" < Q(t, K) < QW% Vit € [ty, 1]
@ Transient-state power flow bound: F™" < YyA(t, K) < F™ Vit € [ty,ts]
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Problem Statement

Power network dynamics

[A(t, K)} - [ (1 D ] [A(t, K)

O,
Qt,K)|  |-M'DTY, —-MT'E||Q(t, K)] " [M_l (Po(t) + BKDC(t)K)]

For a given 0 < t; < to, find all K’s that guarantee:
@ Transient-state frequency bound: Q™" < Q(t, K) < QW% Vit € [ty, 1]
@ Transient-state power flow bound: F™" < YyA(t, K) < F™ Vit € [ty,ts]

U2 {K eR® | Q™™ < Q(t, K) < Q™™, F™™ < VA(t, K) < F™, Vt € [tl,tQ]}

U:(transient-state) feasibility set

Goal: Characterize W!

Y. Zhang & J. Cortés (
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Time Domain Solution

a8 ar'se] ] o o Vi)
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Time Domain Solution

[gg[fgﬂ - [—z\ginlng Y, —MD—lE] [3% g;] - [M‘l (Po(t)(:?—nBKDC(t)K)] J
(i
(6, K) = Aot K) + [M_l (PO(t)(:y-nBKDg(wK)]
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Time Domain Solution

[égi}fg} - [—z\?:nlng Y, —MD—lE] [3% g;] - [M‘l (Po(t)(i;nBKDC(t)K)] J
(i
e, K) = Aot K) + [M_l (PO(t)(TBKDg(t)K)]

{ Solve first-order ODE

o(t, K) = S(t) + V) K

Y. Zhang & J. Cortés (UCSD)



Equivalent Transformation

UL {K eR® | Q™" < Q(t, K) < Q™™, F™™ < VoA(t, K) < F™, Vt € [tl,tg]}
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Equivalent Transformation

S {K eR® | Q™" < Q(t, K) < Q™™, F™™ < VoA(t, K) < F™, Vt € [tl,tg]}

U= {KcR®| 2™ < S(t) + V(t)K < 2™, Vt € [t1,t2]} J

where

xmax N (Qmax min A Qmin
- )ﬁrllymax y & - }Qillynﬁn

s (UCSD)



Set Decomposition

U={KeR*|z™ <S(t)+V()K <™, Vt € [t1, 5]}
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Set Decomposition

U={KeR*|z™ <S(t)+V()K <™, Vt € [t1, 5]}
= (] {KeR |2™ <S@E)+ V(K <a™>}

t1<t<ta
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Set Decomposition

U={KeR*|z™ <S(t)+V()K <™, Vt € [t1, 5]}
= (] {KeR |2™ <S@E)+ V(K <a™>}

t1<t<ta

= U contains infinitely many constraints = Approximation
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Set Decomposition

U={KeR |z™ <S@t)+V(EH)K <a™>, Vt € [t1,t]}

Y. Zhang & J. Cortés (



Set Decomposition

U={KeR |z™ <S@t)+V(EH)K <a™>, Vt € [t1,t]}
= [ A{KeR |2 <[SO)+ VLK < 2™, Vt € [t1,ta]}

i=1,2,...n+m

n =

i=1,2,...n+m

(1>
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Set Decomposition

U={KeR |z™ <S@t)+V(EH)K <a™>, Vt € [t1,t]}
= [ A{KeR |2 <[SO)+ VLK < 2™, Vt € [t1,ta]}

i=1,2,...n+m

n =

i=1,2,...n+m

(1>

Approximation of ¥; = Approximation of W

Y. Zhang & J. Cortés (
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From Vector to Scalar

U, 2 {K R | o™ < (SO + [V(O)LK < P, Vi € [ta, 8]} J
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From Vector to Scalar

U, 2 (K e R® | 2™ < [S@)]; + [V(O):K < 2", Vi € [t1, 2]} J
f
L2 {KeR | y™™ < y(t, K) < y™™, Vt € [t, 2]} J

where y(t, K) is some scalar signal

Y. Zhang & J. Cortés (



From Vector to Scalar

U, 2 K e R® | 2™ < [S(1)]i + [V K < @™, Vit € [t1,15]} J
ﬂ
L2 {K eR® | y™" < y(t,K) < Y™, Vt € [t1,t2]} J

Strategy: Construct inner approximation X; & outer approximation Yp

YrC€X¥C¥o J

s (UCSD)



Outer Approximation
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Outer Approximation

Y(Tq+1v K)

¥(z,.K)

e e s ————

t1 =7 <7y <--- <7, =ty sampling points
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Outer Approximation

Y(va K)

e e s ——

t1 =71 <7y <--- <7, =ty sampling points

ymin < y(t, K) < ymax’ V¢t € [tl,tg] = ymin < y(Tq, K) < ymax, Vq c [17T]N J

Y. Zhang & J. Cortés (UCSD



Outer Approximation

V(va K)

e e s ——

t1 =71 <7y <--- <7, =ty sampling points

Yyt L y(t, K) < y™8, Vit € [ty ta] = y™it < y(14, K) < y™®, Vg € [1,r]n J

Outer approximation

Define o £ {K | y™in < y(r,, K) < y™, Vg € [1,7‘]N}, then ¥ C Xp

Y. Zhang & J. Cortés (UCSD)




Outer Approximation

Outer approximation

Define $p £ {K | y™i» < y(rq, K) < y™, Yg € [1,7]n}, then ¥ C Zp

Note:
@ If y(¢t, K) is bounded, and Vq € [1,7 — 1]y, (Tg41 —7¢) — 07, then ¥p — 2
@ #constraints in Yo is r

Y. Zhang & J. Cortés (UCSD)



Inner Approximation

Focus on |74, Tg41]
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Inner Approximation

Focus on |74, Tg41]
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Inner Approximation

Focus on |74, Tg41]
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Inner Approximation

Focus on |74, Tg41]

7, 4

Suppose 3 co > Jq > max  {|y(t, K)|}. Let Sq £ Jq(TqH —T4)/2
K,t€[1q,Tq+1]

If ymin + Sq < y(Tan)v y(Tq-‘rla K) <y — Sqa then

Yyt Lyt K) < y™ex) vt e [Tqs Tq+1]

s (UCSD)



Inner Approximation

Let ¢ go through 1,2,...r — 1 =

Inner approximation
Define

I {K | y™0 + 6, < y(7, K), y(7qp1, K) < Y™ — &, Vg € [1,7 — 1]N} :

then E[ - b))

Note:
Q IfVge[l,r—1], (Tg41 —7¢q) = 0T, then ¥; —
@ Fconstraints in Xy is 2(r — 1)

Y. Zhang & J. Cortés (UCSD)



Back to the Vector Case

U= [\ A{KeR |2 <[SO)+ [VOLEK < 2™, Vt € [t1,ta]}

i=1,2,...n+m

=S ﬂ v,

i=1,2,...n+m

@ Associate each ¥; sampling points t; = 7,73, ... ,Tf(i) =19
Q Obtain \IJi’O and \IliJ s.t. \I’i,I - \I/Z - \Ili,O
@ Define

Vo = ﬂ Vo, V2 ﬂ Wy
i=1,2,..n+m 1=1,2,..n+m
= U, CUCVUy
Q If (70, — 74) — 07 for every g € [1,7(i) — 1]y and every i € [1,m + n]n,
then ¥; — ¥ and Vo - U

s (UCSD)
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U2{K | Q™™ < Q1K) < Q™ F™ K YA (L K) < F™, Vit € [t, 6]} J

_ | K
=[]
to = OS,
tl == 3S,

QWi — —0.5Hz x 139,
Qmax — (0.5Hz X 1sg,
F™in — _10unit x 14,
F™M = 10unit x 144,
7 = (0s,0.025,0.04s, ...,2.985, 3s), Vi =

Y. Zhang & J. Cortés



Simulations
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Simulations
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Simulations
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Simulations

:>K[€\IJ,K0¢\IJ
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Simulations

power flow (unit)
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Figure: Flow response w.r.t. K.
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Simulations
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Figure: Frequency response w.r.t. Ky.
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Simulations

power flow (unit)
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Figure: Flow response w.r.t. Ko.
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Simulations
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Figure: Frequency response w.r.t. Ko.
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Simulations
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Figure: Frequency response w.r.t. Ko.
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Conclusion & Future Work

Conclusion
@ Provided inner and out approximations of the feasibility set.
@ Proved the convergence of the approximations.

@ Developed an algorithm to reduce the approximation gaps w/o adding
new sampling points.

Future Work
@ Consider uncertain trajectory form.

@ Extend results to nonlinear swing dynamics.

Y. Zhang & J. C
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