On nonlinear controllability and series expansions for Lagrangian systems with dissipative forces

Jorge Cortés, Sonia Martínez, and Francesco Bullo, Member IEEE

Abstract— This note presents series expansions and nonlinear controllability results for Lagrangian systems subject to dissipative forces. The treatment relies on the assumption of dissipative forces of linear isotropic nature. The approach is based on the affine connection formalism for Lagrangian control systems, and on the homogeneity property of all relevant vector fields.

Index Terms— Nonlinear controllability, series expansions, mechanical control systems

I. INTRODUCTION This note presents novel controllability and perturbation analysis results for control systems with Lagrangian structure. The work belongs to a growing body of research devoted to the geometric control of mechanical systems. The objective is the development of coordinate-free analysis and design tools applicable in a unified manner to robotic manipulators, vehicle models, and systems with nonholonomic constraints. Contributions include results on modeling [1], [2], nonlinear controllability [3], [4], [5], series expansions [6], motion planning [7], [8], averaging [9], passivity-based stabilization [10], [11], [12], and optimal control [13], [14]. Notions from differential and Riemannian geometry provide the framework underlying these contributions: the formalism of affine connections plays a key role in modeling, analysis and control design for a large class of systems.

The motivation for this work is a standing limitation in the known results on controllability and series expansions. The analysis in [3], [4], [5], [6] applies only to systems subject to no external dissipation, i.e., the system’s dynamics is fully determined by the Lagrangian function. With the aim of developing more accurate mathematical models for controlled mechanical systems, this note addresses the setting of dissipative or damping forces. It is worth adding that dissipation is a classic topic in Geometric Mechanics (see for example the work on dissipation induced instabilities [15] and the extensive literature on dissipation-based control [10], [11], [12]).

The contribution of this paper are controllability tests and series expansions that account for a linear isotropic model of dissipation. Remarkably, the same conditions guaranteeing a variety of local accessibility and controllability properties for systems without damping remain valid for the class of systems under consideration. This applies to small-time local controllability, local configuration controllability, and kinematic controllability. Furthermore, we develop a series expansion describing the evolution of the controlled trajectories starting from rest, thus generalizing the work in [6]. The technical approach

Submitted as technical note on July, 2001, revised version on March, 2002. A short version of this work was submitted to the IEEE Control and Decision Conference, Orlando, FL, December 2001. The corresponding author is Francesco Bullo. This work has been supported by FPU and FPI grants from the Spanish MEC and MCYT, and by NSF grant CMS-0100162.

Jorge Cortés is with the Faculty of Mathematical Sciences, University of Twente, PO Box 217, 7500 AE Enschede, The Netherlands, Tel: +31-534893456, Fax: +31-534340733, Email:

j.cortesmonforte@math.utwente.nl

Sonia Martínez is with the Instituto de Matemáticas y Física Fundamental, Consejo Superior de Investigaciones Científicas, Serrano 123, Madrid, 28006, Spain, Tel: +34-915616800 (extension 1114), Fax: +34-915854894, Email:

s.martinez@imaff.cfmac.csic.es

Francesco Bullo is with the Coordinated Science Laboratory and the General Engineering Department, University of Illinois at Urbana-Champaign, 1308 W. Main St., Urbana, IL 61801, United States, Tel: +1-217-333-0656, Fax: +1-217-244-1653, Email: bullo@uiuc.edu exploits the homogeneity property of the affine connection model for mechanical control systems.

II. AFFINE CONNECTIONS AND MECHANICS In this section we review the notion of affine connection; see [16] for a comprehensive treatment. We introduce a class of Lagrangian systems with dissipative forces and explore their homogeneity properties. All quantities are assumed analytic.

A. Affine connections

An affine connection on a manifold Q is a map that assigns to a pair of vector fields X, Y another vector field ∇X Y such that

∇fX+Y Z = f∇X Z + ∇Y Z ∇X (fY + Z) = (LX f)Y + f∇X Y + ∇X Z (1) for any function f and any vector field Z. Usually ∇X Y is called the covariant derivative of Y with respect to X. Vector fields can also be covariantly differentiated along curves, and this concept will be instrumental in writing the Euler-Lagrange equations. Consider a curve γ : [0, 1] → Q and a vector field along γ, i.e., a map v : [0, 1] → T Q such that τQ(v(t)) = γ(t) for all t ∈ [0, 1] (where τQ : T Q → Q denotes the tangent bundle projection). Take now a vector field V that satisfies V (γ(t)) = v(t). The covariant derivative of the vector field v along γ is defined by Dv(t) dt = ∇_{γ̇(t)}v(t) = ∇_{γ̇(t)}V (q) | |_{q=γ(t)}.

In particular, we may take v(t) = γ̇(t) and set up the equation ∇_{γ̇(t)}γ̇(t) = 0 . This equation is called the geodesic equation, and its solutions are termed the geodesics of ∇. The vector field Z on T Q describing this equation is called the geodesic spray.

In a system of local coordinates (q^1, . . . , q^n), an affine connection is uniquely determined by its Christoffel symbols Γ^i_j (q), ∇ ∂_{∂qi}

(_∂ ∂qj ) = Γ^k_{ij}^∂_{∂qk} , and accordingly, the covariant derivative of a vector field is written using (1) as

∇X Y =

( ∂Y i

∂q^j

X^j + Γ^i_{jk}X^j Y^k ) ∂ ∂q^i . Taking natural coordinates (q^i, v^i) on T Q, the local expression of the geodesic spray reads

Z(vq) = v^i ∂ ∂q^i

− Γ^i_{jk}(q)v^j v^k ∂ ∂v^i . B. Control systems described by affine connections

An affine connection control system consists of the following objects: an n-dimensional configuration manifold Q, with q ∈ Q being the configuration of the system and vq ∈ TqQ being the system’s velocity; an affine connection ∇ on Q, with Christoffel symbols {Γ^i_{jk} : Q → R | i, j, k ∈ {1, . . . , n}}; and a family of input vector fields Y = {Y1, . . . , Ym} on Q. The corresponding equations of motion are written as

∇_{q̇(t)}q̇(t) = u^a(t)Ya(q(t)), (2)

or, equivalently, in coordinates as q̈^i + Γ^i_{jk}(q)q̇^jq̇^k = u^a(t)Y^i_a (q), where the indexes i, j, k ∈ {1, . . . , n}. These equations are a generalization of the Euler-Lagrange equations. If ∇ is the Levi- Civita affine connection [16] associated with a kinetic energy metric, then the equations (2) are the forced Euler-Lagrange equations for the associated kinetic energy Lagrangian. If ∇ is the so called nonholonomic affine connection [2], the equations (2) represent the forced equations of motion for a nonholonomic system with a kinetic energy Lagrangian, and constraints linear in the velocities.

The systems described by equations (2) are subject to no damping force. However, in a number of situations, friction and dissipation play a relevant role. Consider, for instance, a blimp experiencing the resistance of the air or an underwater vehicle moving in the sea. We introduce a linear isotropic term of dissipation into equations (2), i.e., we consider

∇_{q̇(t)}q̇(t) = kdq̇(t) + u^a(t)Ya(q(t)), (3)

where kd ∈ R. In local coordinates, q̈^i + Γ^i_{jk}(q)q̇^jq̇^k = kdq̇^i + u^a(t)Y^i_a (q).

This second-order system can be written as a first-order differential equation on T Q. Using {^∂_{∂qi} ,^∂_{∂vi} } as a basis for vector fields on the tangent bundle of T Q, we define

L(vq ) = v^i ∂ ∂v^i

, Y^{lift}_a (vq ) = Y^i_a (q) ∂ ∂v^i

, a ∈ {1, . . . , m} ,

so that the control system becomes

v̇(t) = Z(v(t)) + kdL(v(t)) + u^a(t)Y^{lift}_a (v(t)), (4)

where t → v(t) is now a curve in T Q describing the evolution of a first-order control affine system. We refer to [16] for coordinate-free definitions of the lifting operation Ya → Y^{lift}_a and of the Liouville vector field L on T Q.

C. Homogeneity and Lie algebraic structure

One fundamental feature of the control systems (2) and (3) is the polynomial dependence of the vector fields Z, L and Y^{lift} on the velocity variables v^i. This structure leads to remarkable simplifications in the iterated Lie brackets between {Z, Y^{lift}_1 , . . . , Y^{lift}_m } (see e.g. [17]). As we see below, these simplifications also take place between the vector fields {Z + kdL, Y^{lift}_1 , . . . , Y^{lift}_m }.

We start by introducing the notion of geometric homogeneity [18]: given two vector fields X and XE , X is homogeneous with degree m ∈ Z with respect to XE if [XE , X] = mX.

Lemma 2.1: Let ∇ be an affine connection on Q with geodesic spray Z, and let Y be a vector field on Q. Then [L, Z] = (+1)Z and [L, Y^{lift}] = (−1)Y^{lift}.

In the sequel, a vector field X on T Q is homogeneous of degree m ∈ Z if it is homogeneous of degree m with respect to L. Let Pj be the set of vector fields on T Q of homogeneous degree j, so that Z ∈ P1 and Y^{lift} ∈ P−1. One can see that [L, X] = 0, for all X ∈ P0, and that [Pi, Pj ] ⊂ Pi+j .

III. NONLINEAR CONTROLLABILITY In this section we investigate the controllability properties of systems with isotropic dissipation. We show how the basic observation contained in Lemma 2.1 is very helpful in the analysis of local accessibility, controllability, and kinematic controllability.

A. Local accessibility and controllability

Here we study conditions for accessibility and controllability of mechanical systems with dissipation. A relevant notion is that of configuration controllability, which concerns the reachable set restricted to the configuration space Q and is weaker than full-state controllability; we refer the reader to [3] for the exact definitions.

Let Lie(Y) and Sym(Y) denote the involutive and the symmetric closure, respectively, of Y = {Y1, . . . , Ym}. Let Y^{lift} denote the set of lifted vector fields {Y^{lift}_1 , . . . , Y^{lift}_m }. The next result shows that the involutive closures of systems (2) and (3) at zero velocity coincide.

Proposition 3.1: Consider the distributions

D_{(1)} = span {Z, Y^{lift} } , D^L_{(1)} = span {Z + kdL, Y^{lift} } .

Define recursively

D_{(k)} = D_{(k−1)} + [D_{(k−1)}, D_{(k−1)}] , D^L_{(k)} = D^L_{(k−1)} + [D^L_{(k−1)}, D^L_{(k−1)}] , k ≥ 2 .

Then, it holds that D_{(k)}(0q ) = D^L_{(k)}(0q ), for all k. Consequently, the accessibility distributions D_{(∞)}(0q) = Lie(Z, Y^{lift} )q and D^L_{(∞)}(0q ) = Lie(Z + kdL, Y^{lift} )q coincide.

Proof: Obviously D_{(1)}(0q) = D^L_{(1)}(0q ). Moreover, we have [D_{(1)}, D_{(1)}] ⊂ D^L_{(2)} and [D^L_{(1)}, D^L_{(1)}] ⊂ D_{(2)}, since [Z+kdL, Y^{lift} ] = [Z, Y^{lift} ] − kdY^{lift} . Let us assume that

D_{(k)}(0q) = D^L_{(k)}(0q) , (5) [D_{(k)}, D_{(k)}] ⊂ D^L_{(k+1)} , (6) [D^L_{(k)}, D^L_{(k)}] ⊂ D_{(k+1)} . (7)

hold for k and let us show that (5-7) are valid for k + 1. We have

Dk+1 = D_{(k)} + [D_{(k)}, D_{(k)}] ⊂ D_{(k)} + D^L_{(k+1)} =⇒ Dk+1(0q) ⊂ D_{(k)}(0q ) + D^L_{(k+1)}(0q) = D^L_{(k)}(0q) + D^L_{(k+1)}(0q ) = D^L_{(k+1)}(0q ) .

Similarly, D^L_{k+1}(0q) ⊂ D_{(k+1)}(0q), and thus D_{(k+1)}(0q ) = D^L_{(k+1)}(0q ). On the other hand,

[D^L_{(k+1)}, D^L_{(k+1)}] = [D^L_{(k)} + [D^L_{(k)}, D^L_{(k)}], D^L_{(k)} + [D^L_{(k)}, D^L_{(k)}]] ⊂ [D^L_{(k)} + D_{(k+1)}, D^L_{(k)} + D_{(k+1)}] ⊂ D_{(k+1)} + [D^L_{(k)}, D_{(k+1)}] + D_{(k+2)} = [D^L_{(k)}, D_{(k+1)}] + D_{(k+2)}.

Thus, it remains to be checked that [D^L_{(k)}, D_{(k+1)}] ⊂ D_{(k+2)}. Observe that

[D^L_{(k)}, D_{(k+1)}] = [D^L_{(k−1)} + [D^L_{(k−1)}, D^L_{(k−1)}], D_{(k+1)}] ⊂ [D^L_{(k−1)}, D_{(k+1)}] + D_{(k+2)},

where we have used the induction hypothesis on (7), i.e. [D^L_{(k−1)}, D^L_{(k−1)}] ⊂ D_{(k)}. By a recursive argument, we find that what we must show is [D^L_{(1)}, D_{(k+1)}] ⊂ D_{(k+2)}. Clearly, [Y^{lift}_i , D_{(k+1)}] ⊂ D_{(k+2)}, i ∈ {1, . . . , m}. In addition,

[Z + kdL, D_{(k+1)}] = [Z, D_{(k+1)}] + [kdL, D_{(k+1)}] ⊂ D_{(k+2)} ,

since [L, X] ∈ D_{(k+1)}, for all X ∈ D_{(k+1)}, by homogeneity. Finally, it can be similarly shown using (6) that [D_{(k+1)}, D_{(k+1)}] ⊂ D^L_{(k+2)}. Thus, (5-7) are satisfied for all k.

Corollary 3.2: Consider a mechanical control system of the form (3). Then

(i) the system is locally accessible (LA) at q starting with zero velocity if Sym(Y)q = TqQ, (ii) the system is locally configuration accessible (LCA) at q ∈ Q if Lie(Sym(Y))q = Tq Q.

Proof: The manifold Q can be identified with the set of zero vectors Z(T Q) of T Q by the diffeomorphism q → 0q. Hence, the tangent space to Z(T Q) at 0q is isomorphic to Tq Q. On the other hand, the projection τQ(vq) = q defines V = ker T τQ. One has that V0_q is isomorphic to Tq Q for all q ∈ Q. Both parts yield the natural decomposition

T0_q T Q = T0_q (Z(T Q)) ⊕ V0_q ≃ Tq Q ⊕ TqQ .

The first copy of TqQ corresponds to configurations, the second one to velocities. The result follows from the former proposition and Proposition 5.9 in [3] which asserts that

D_{(∞)}(0q) ∩ V0_q = Sym(Y)^{lift}_q , D_{(∞)}(0q) ∩ T0_q (Z(T Q)) = Lie(Sym(Y))q .

Next, we examine the small-time local controllability properties of the system (3). We shall use the following conventions. Given a set of vector fields X = {X0, X1, . . . , Xm}, every Lie bracket B in X has a unique decomposition as B = [B1, B2]. In turn, each of B1 and B2 may be uniquely expressed as B1 = [B11, B12] and B2 = [B21, B22]. This process may be continued until we obtain not decomposable elements. All such elements Bi_1...i_l , ib ∈ {1, 2}, are called components of B. The length of a component Bi_1...i_l is l. A Lie bracket B is bad if δ0(B) is odd and δa(B) is even, a ∈ {1, . . . , m}, with δa(B) the number of occurrences of Xa in B. Otherwise, B is good. The degree of B is δ(B) =

∑_m b=0 δb(B).

The results in [3], [19] include sufficient conditions for smalltime local controllability (STLC) and small-time local configuration controllability (STLCC). Let the system be LA at q ∈ Q starting with zero velocity (resp. LCA at q ∈ Q). The system in equation (3) is STLC at q starting with zero velocity (resp. STLCC) if:

(Sussmann’s criterium on {Z + kdL, Y^{lift} }):

Every bad bracket B in {Z + kdL, Y^{lift} } is a R-linear combination of good brackets evaluated at 0q of lower degree than B.

We shall show that if these conditions are satisfied for the set {Z, Y^{lift} }, then they are also verified for the set {Z + kdL, Y^{lift} }. We illustrate this fact by considering two low order settings. First, every bracket B of order 1 or 2, i.e., δ(B) ≤ 2, is good. In addition, [Z+kdL, Y^{lift} ] = [Z, Y^{lift} ]−kdY^{lift} , and therefore, every good bracket in {Z + kdL, Y^{lift} } of degree 2 is the sum of the corresponding good bracket in {Z, Y^{lift} } plus some good brackets of lower degree in {Z + kdL, Y^{lift} }.

Proposition 3.3: Assume Sussmann’s criterium on {Z, Y^{lift} }. Then (i) every bad bracket B in {Z + kdL, Y^{lift} } of degree k, evaluated at 0q, is a R-linear combination of good brackets of lower degree, (ii) every good bracket C in {Z +kdL, Y^{lift} } of degree k, evaluated at 0q , is a R-linear combination of the corresponding good bracket in {Z, Y^{lift} } and of some brackets in {Z + kdL, Y^{lift} } of lower degree, and (iii) every good bracket in {Z, Y^{lift} } of degree k, evaluated at 0q, is a R-linear combination of good brackets in {Z + kdL, Y^{lift} } of degree ≤ k.

Proof: First, note that (iii) is an immediate consequence of (i) and (ii). Next, we show (i) by induction. The result holds for k = 2. Suppose that it is valid for k and let us prove it for k + 1. Let B be a bad bracket in {Z + kdL, Y^{lift} } of degree k + 1. This means that δ0(B) is odd and δi(B) is even, i ∈ {1, . . . , m}. Select a term of the form Z + kdL which is in one of the longest components of B. We then write B as the sum of two Lie brackets, B = B1 + B2, by expanding the chosen term. By the homogeneity properties, we have that δ0(B2) = δ0(B) − 1, δi(B2) = δi(B). Consequently, B2 is a good bracket in {Z + kdL, Y^{lift} } of degree k. Expanding now all the possible terms Z + kdL in B1 as the sum of two Lie brackets, one with Z and the other with kdL (going from the ones in the longest components of B1 to those in the shortest ones), we finally obtain that B can be written as the sum of the corresponding bad bracket in {Z, Y^{lift} }, plus good/bad brackets in {Z, Y^{lift} } of degree ≤ k, plus B2, which is a good bracket in {Z + kdL, Y^{lift} } of degree k. The induction hypothesis now implies (i).

Let us prove (ii). Let C be a good bracket in {Z + kdL, Y^{lift} } of degree k + 1. Expanding the terms Z + kdL as before, we find that C can be written as the sum of the corresponding good bracket in {Z, Y^{lift} }, plus brackets in {Z, Y^{lift} } of degree ≤ k, plus brackets in {Z + kdL, Y^{lift} } of degree k. The induction hypothesis implies then

(ii).

If P is a symmetric product of vector fields in Y, we let γa(P ) denote the number of occurrences of Ya in P . The degree of P will be γ(P ) =

∑_m

a=1 γa(P ). We say that P is bad if γa(P ) is even for each a ∈ {1, . . . , m}. We say that P is good if it is not bad.

Corollary 3.4: Consider a mechanical control system as in (3). Then, we have

(i) the system is STLC at q ∈ Q starting with zero velocity if Sym(Y)q = TqQ and every bad symmetric product B in Sym(Y)q is a linear combination of good symmetric products of lower degree, and (ii) the system is STLCC at q ∈ Q if Lie(Sym(Y))q = TqQ and every bad symmetric product B in Sym(Y)q is a linear combination of good symmetric products of lower degree. Proof: It follows from the fact that there is a 1-1 correspondence between bad (resp. good) Lie brackets in {Z, Y^{lift} } and bad (resp. good) symmetric products in Y; see [3].

B. Kinematic controllability

Kinematic controllability [4] has direct relevance to the trajectory planning problem for mechanical systems of the form (2). Here, we present a generalized notion of kinematic controllability for affine connection systems with isotropic dissipation. Consider a mechanical system as in (3), and let I is the distribution generated by the input vector fields {Y1, . . . , Ym}. A controlled solution to equations (3) is a curve t → q(t) ∈ Q satisfying

∇q̇q̇ − kdq̇ ∈ I_{q(t)} . (8)

Let s : [0, T ] → [0, 1] be a twice-differentiable function such that s(0) = 0, s(T ) = 1, ṡ(0) = ṡ(T ) = 0, and ṡ(t) > 0 for all t ∈ (0, T ). We call such a curve s a time scaling. A vector field V is a decoupling vector field for the mechanical system (3) if, for any time scaling s and for any initial condition q0, the curve t → q(t) on Q solving

q̇(t) = ṡ(t)V (q(t)), q(0) = q0, (9)

satisfies the conditions in (8). Additionally, the integral curves of V defined on the time interval [0, 1] are called kinematic motions.

Lemma 3.5: The vector field V is decoupling for system (3) iff V ∈ I and ⟨V : V ⟩ ∈ I.

Proof: Given a curve γ : [0, T ] → Q satisfying equation (9), we compute ∇γ̇γ̇ = s̈V + ṡ∇γ̇ V = s̈V + ṡ^2∇V V , where we used (1) for vector fields along curves [16]. Now, γ is a kinematic motion if, for all time scalings s, the constraints (8) are satisfied. Thus

∇γ̇γ̇ − kdγ̇ = (s̈ − kdṡ)V + ṡ^2 2 ⟨V : V ⟩ ∈ I .

Since s is an arbitrary time scaling and q0 is an arbitrary point, V and ⟨V : V ⟩ must separately belong to the input distribution I. The other implication is trivial.

We shall say that the system (3) is locally kinematically controllable if for any q ∈ Q and any neighborhood Uq of q, the set of reachable configurations from q by kinematic motions remaining in Uq contains q in its interior.

Proposition 3.6: The system (3) is locally kinematically controllable if there exist p ∈ {1, . . . , m} vector fields {V1, . . . , Vp} ⊂ I such that

(i) ⟨Vc : Vc⟩ ∈ I, for all c ∈ {1, . . . , p}, and (ii) Lie(V1, . . . , Vp) has rank n at all q ∈ Q.

IV. SERIES EXPANSION FOR THE FORCED EVOLUTION STARTING

FROM REST

The result in this section extends the treatment in [6] and sets the basis for the design of motion planning strategies [7] and the sharpening of the controllability tests [20]. Consider the system (3), with initial condition q̇(0) = 0.

Proposition 4.1: Given any integrable input vector field (q, t) → Y (q, t), consider

V1(q, t) =

∫_t 0 e^{kd(t−τ)}Y (q, τ)dτ ,

Vk(q, t) = − 1 2 k−1∑ j=1 ∫_t 0 e^{kd(t−τ)} ⟨Vj (q, τ) : Vk−j (q, τ)⟩ dτ , k ≥ 2 .

There exists a T > 0 such that the series (q, t) →

∑_{+∞} k=1 Vk(q, t) converges absolutely and uniformly for t ∈ [0, T ] and for q in an appropriate neighborhood of q0. Over the same interval, the solution γ : [0, T ] → Q to the system (3) with γ̇(0) = 0 satisfies

γ̇ = +∞∑ k=1 Vk(γ, t) . (10)

Proof: Step I. A time-varying vector field (q, t) → X(q, t) gives rise to the initial value problem on Q, q̇(t) = X(q, t), q(0) = q0. We denote its solution at time T via q(T ) = Φ^X_{0,T} (q0), and we refer to it as the flow of X. Consider the initial value problem

q̇(t) = X(q, t) + Y (q, t), q(0) = q0,

where X and Y are analytic (in q) time-varying vector fields. Regarding X as a perturbation to Y , we can describe the flow of X + Y in terms of a nominal and perturbed flow. The following relationship (variation of constants formula after [21]) describes this flow:

Φ^{X+Y}_{0,t} = Φ^Y_{0,t} ∘ Φ^{(ΦY0,t)∗X}

0,t , (11)

where (Φ^Y_{0,t})^∗X is the pull-back of X along Φ^Y_{0,t}. This pull-back admits the series expansion representation [21]

(Φ^Y_{0,t})^∗X(q, t) = X(q, t) (12) + +∞∑ k=1 ∫_t 0 . . .

∫_{sk−1} 0 ( ad_{Y (q,sk)} . . . ad_{Y (q,s1)} X(q, t) ) dsk . . . ds1.

Step II. In equation (4), let the Liouville vector field play the role of the perturbation to the vector field Z + Y^{lift}. Then the application of (11) yields Φ^{Z+kdL+Y lift} = Φ^{kdL} ∘ Φ^Δ, where we compute Φ^{kdL}(q0, v0) = (q0, e^{kdt}v0), and where the homogeneity leads to Δ = +∞∑ k=0 t^k k! ad^k_{dL}(Z + Y^{lift}) = +∞∑ k=0 (kdt)^k k! ad^k_L(Z + Y^{lift})

= +∞∑ k=0 (kdt)^k k! (Z + (−1)^kY^{lift})

= +∞∑ k=0 ( (kdt)^k k! Z + (−kdt)^k k! Y^{lift} ) = e^{kdt}Z + e^{−kdt}Y^{lift}.

Let Z^′ = e^{kdt}Z, and accordingly ⟨X1 : X2⟩^′ = e^{kdt} ⟨X1 : X2⟩. The initial value problem associated with Δ is therefore,

ẏ = Z^′(y) + e^{−kdt}Y (y, t)^{lift} . (13)

Step III. Let k ∈ N and consider the differential equation

ẏk = ( Z^′ + [X^{lift}_k , Z^′] + Y^{lift}_k ) (yk, t) . (14)

We recover (13) by setting k = 1, X1 = 0, Y1 = e^{−kdt}Y (q, t), and accordingly y(t) = y1(t). We can now see the vector field Z^′ +

[X^{lift}_k , Z^′] as the perturbation to Y^{lift}_k . Using equations (11) and (12), we set yk(t) = Φ^{Y liftk}_{0,t} (yk+1(t)). Some manipulations lead to

ẏk+1(t) = (( Φ^{Y liftk}_{0,t}

)_∗ (

Z^′ + [X^{lift}_k , Z^′] )) (yk+1(t))

= Z^′ +[X^{lift}_k +Y^{lift}_k , Z^′]−e^{−kdt} ⟨ Y k : Xk

⟩_{lift} − e^{kdt} 2 ⟨ Y k : Y k

⟩_{lift} . Therefore, the differential equation for yk+1(t) is of the same form as (14), where

Xk+1 = Xk + Y k , Yk+1 = −e^{kdt} ⟨ Y k : Xk + 1 2 Y k ⟩ . We easily compute Xk =

∑_{k−1}

m=1 Y m and set

Yk+1 = −e^{kdt} ⟨ Y k :

k−1∑ m=1 Y m + 1 2 Y k ⟩ . One can iterate this procedure for an infinite number of times as in the case of no dissipation [6] to obtain the formal expansion (note y = (r, ṙ)),

ṙ = +∞∑ k=1 V^′(r, t) , V^′_1 (r, t) =

∫_t 0 e^{−kdτ} Y (r, τ)dτ ,

V^′_k (r, t) = − 1 2 k−1∑ j=1 ∫_t 0 e^{kdτ} ⟨ V^′_j (r, τ) : V^′_{k−j} (r, τ) ⟩ dτ. To obtain the flow of Z + kdL + Y^{lift}, we compose the flow of Δ with that of kdL to compute

q̇ = e^{kdt}ṙ = +∞∑ k=1 V (q, t) , V1(q, t) =

∫_t 0 e^{kd(t−τ)}Y (q, τ)dτ ,

Vk(q, t) = − 1 2 k−1∑ j=1 ∫_t 0 e^{kd(τ−2τ+t)} ⟨Vj (q, τ) : Vk−j (q, τ)⟩ dτ.

Step IV. Select a coordinate chart at q0. In this way, we locally identify Q with R^n. Let Bσ(q0) = {z ∈ C^n : ‖z − q0‖ < σ}. Resorting to the analysis in [6], one can see that there exists M > 0 such that ‖Vk‖_σ′ ≤ M^{1−k} ‖Y ‖_σ ( te^{kdt}

)_{2k−1} , where σ^′ < σ, ‖·‖_σ denotes ‖Y ‖_σ = max_{s∈[0,t]} max_{i∈{1,...,n}} max_{z∈Bσ (q0)} |Y^i(q, s)|, and Y^i is the ith component of Y with respect to the coordinate basis. As a consequence, for ‖Y ‖_σ T^2e^{2kdT} < M, the previous expansion converges absolutely and uniformly in t ∈ [0, T ] and q ∈ B_σ′ (q0).

V. CONCLUSIONS This paper extends previous important results on nonlinear controllability in mechanical systems. The main limitation of the approach is the assumption of isotropic dissipation.

REFERENCES [1] A. M. Bloch and P. E. Crouch, “Nonholonomic control systems on Riemannian manifolds,” SIAM Journal on Control and Optimization, vol. 33, no. 1, pp. 126–148, 1995.

[2] A. D. Lewis, “Simple mechanical control systems with constraints,” IEEE Transactions on Automatic Control, vol. 45, no. 8, pp. 1420–1436, 2000.

[3] A. D. Lewis and R. M. Murray, “Configuration controllability of simple mechanical control systems,” SIAM Journal on Control and Optimization, vol. 35, no. 3, pp. 766–790, 1997.

[4] F. Bullo and K. M. Lynch, “Kinematic controllability for decoupled trajectory planning in underactuated mechanical systems,” IEEE Transactions on Robotics and Automation, vol. 17, no. 4, pp. 402–412, 2001.

[5] J. Cortés, S. Martínez, J. Ostrowski, and H. Zhang, “Simple mechanical control systems with constraints and symmetry,” SIAM Journal on Control and Optimization, 2000. To appear.

[6] F. Bullo, “Series expansions for the evolution of mechanical control systems,” SIAM Journal on Control and Optimization, vol. 40, no. 1, pp. 166–190, 2001.

[7] F. Bullo, N. E. Leonard, and A. D. Lewis, “Controllability and motion algorithms for underactuated Lagrangian systems on Lie groups,” IEEE Transactions on Automatic Control, vol. 45, no. 8, pp. 1437–1454, 2000.

[8] J. P. Ostrowski, “Steering for a class of dynamic nonholonomic systems,” IEEE Transactions on Automatic Control, vol. 45, no. 8, pp. 1492–1497, 2000.

[9] J. Baillieul, “Stable average motions of mechanical systems subject to periodic forcing,” in Dynamics and Control of Mechanical Systems: The Falling Cat and Related Problems (M. J. Enos, ed.), vol. 1, pp. 1–23, Field Institute Communications, 1993.

[10] S. Arimoto, Control Theory of Non-linear Mechanical Systems: A Passivity-Based and Circuit-Theoretic Approach, vol. 49 of OESS. Oxford, UK: Oxford University Press, 1996.

[11] R. Ortega, A. Loria, P. J. Nicklasson, and H. Sira-Ramirez, Passivity- Based Control of Euler-Lagrange Systems: Mechanical, Electrical and Electromechanical Applications. Communications and Control Engineering, New York, NY: Springer Verlag, 1998.

[12] A. J. van der Schaft, L2-Gain and Passivity Techniques in Nonlinear Control. New York, NY: Springer Verlag, second ed., 1999.

[13] L. Noakes, G. Heinzinger, and B. Paden, “Cubic splines on curved spaces,” IMA Journal of Mathematical Control & Information, vol. 6, pp. 465–473, 1989.

[14] P. E. Crouch and F. S. Leite, “The dynamic interpolation problem: on Riemannian manifolds, Lie groups and symmetric spaces,” Journal of Dynamical and Control Systems, vol. 1, no. 2, pp. 177–202, 1995.

[15] A. M. Bloch, P. S. Krishnaprasad, J. E. Marsden, and T. S. Ratiu, “Dissipation induced instabilities,” Annales de l’Institut Henri Poincare analyse non lineaire, vol. 11 (1), pp. 37–90, 1994.

[16] S. Lang, Differentiable and Riemannian Manifolds. Springer Verlag, third ed., 1995.

[17] F. Bullo and A. D. Lewis, “On the homogeneity of the affine connection model for mechanical control systems,” in IEEE Conf. on Decision and Control, (Sydney, Australia), pp. 1260–1265, Dec. 2000.

[18] M. Kawski, “Geometric homogeneity and applications to stabilization,” in Nonlinear Control Systems Design Symposium (NOLCOS), (Tahoe City, CA), pp. 251–256, July 1995.

[19] H. J. Sussmann, “A general theorem on local controllability,” SIAM Journal on Control and Optimization, vol. 25, no. 1, pp. 158–194, 1987.

[20] R. M. Hirshorn and A. D. Lewis, “Geometric first-order controllability conditions for affine connection control systems,” in IEEE Conf. on Decision and Control, (Orlando, Florida), pp. 4216–4211, Dec 2001.

[21] A. A. Agračhev and R. V. Gamkrelidze, “The exponential representation of flows and the chronological calculus,” Math. USSR Sbornik, vol. 35, no. 6, pp. 727–785, 1978.