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Abstract

This paper introduces the normalized and signed gradient dynamical systems associated with a differentiable function. Ex-
tending recent results on nonsmooth stability analysis, we characterize their asymptotic convergence properties and identify
conditions that guarantee finite-time convergence. We discuss the application of the results to consensus problems in multi-
agent systems and show how the proposed nonsmooth gradient flows achieve consensus in finite time.
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1 Introduction

Consider the gradient flow # = — grad(f)(x) of a differ-
entiable function f : R? — R, d € N. It is well known
(see e.g. [13]) that the minima of f are stable equilib-
ria of this system, and that, if the level sets of f are
bounded, then the trajectories converge asymptotically
to the set of critical points of f. Gradient dynamical
systems are employed in a wide range of applications,
including optimization, parallel computing and motion
planning. In robotics, potential field methods are used
to autonomously navigate a robot in a cluttered envi-
ronment. Gradient algorithms enjoy many features: they
are naturally robust to perturbations and measurement
errors, amenable to asynchronous implementations, and
admit efficient numerical approximations.

In this note, we provide an answer to the following ques-
tion: how could one modify the gradient vector field
above so that the trajectories converge to the critical
points of the function in finite time? - as opposed to over
an infinite-time horizon. There are a number of settings
where finite-time convergence is a desirable property.
We study this problem with the aim of designing gra-
dient coordination algorithms for multi-agent systems
that achieve the desired task in finite time.

Our answer to the question above is the flows

 grad(f) (@)
Terad() (@)’

jj:

& = —sgn(grad(f)(z)),
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where ||- || denotes the Euclidean distance and sgn(z) =
(sgn(x1),...,sgn(zq)). Using tools from nonsmooth sta-
bility analysis, we show that, under some assumptions
on f, both systems are guaranteed to achieve the set of
critical points in finite time.

Literature review. Guidelines on how to design dy-
namical systems for optimization purposes, with a
special emphasis on gradient systems, are described
in [12]. The book [2] thoroughly discusses gradient
descent flows in distributed computation in settings
with fixed-communication topologies. Nonsmooth anal-
ysis studies the notion and computational properties
of the generalized gradient [4]. Tools for establishing
stability and convergence properties of nonsmooth dy-
namical systems via Lyapunov functions are presented
in [1, 5, 6, 19] (see also references therein). Finite-time
discontinuous feedback stabilizers for a class of planar
systems are proposed in [18]. Finite-time stability of
continuous autonomous systems is rigorously studied
in [3]. The reference [7] develops finite-time stabilization
strategies based on time-varying feedback. Previous
work on motion coordination of multi-agent systems
has proposed cooperative algorithms based on gradient
flows to achieve tasks such as cohesiveness [11, 14, 20],
deployment [8, 9] and consensus [15, 16, 17], The dis-
tributed algorithms in these works achieve the desired
coordination task over an infinite-time horizon.

Statement of contributions. In this paper we intro-
duce the normalized and signed gradient descent flows
associated to a differentiable function. We character-
ize their convergence properties via nonsmooth stability
analysis. We also identify general conditions under which
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these flows reach the set of critical points of the function
in finite time. To do this, we extend recent results on the
convergence properties of general nonsmooth dynamical
systems via locally Lipschitz and regular Lyapunov func-
tions (e.g. [1, 8, 19]). In particular, we develop two novel
results involving second-order information on the evo-
lution of the Lyapunov function to establish finite-time
convergence. These results are not restricted to gradient
flows, and can indeed be used in other setups with dis-
continuous vector fields and locally Lipschitz functions.
We discuss in detail the application of these results to
network consensus problems. We propose two coordina-
tion algorithms based on the Laplacian of the network
graph that achieve consensus in finite time. The normal-
ized gradient descent of the Laplacian potential is not
distributed over the network graph and achieves average-
consensus, i.e., consensus on the average of the initial
agents’ states. The signed gradient descent of the Lapla-
cian potential is distributed over the network graph and
achieves average-max-min-consensus, i.e., consensus on
the average of the maximum and the minimum values
of the initial agents’ states. We also consider networks
with switching connected network topologies.

Organization. Section 2 introduces differential equa-
tions with discontinuous right-hand sides and presents
various nonsmooth tools for stability analysis. Section 3
introduces the normalized and signed versions of the
gradient descent flow of a function and characterizes
their convergence properties. Conditions are given un-
der which these flows converge in finite time. Section 4
discusses the application of the results to network con-
sensus problems. Section 5 presents our conclusions.

Notation. The set of strictly positive natural (resp.
real) numbers is denoted by N (resp. Ry). For d € N,
e1,...,eq is the standard orthonormal basis of R%. For
r € R, let sgn(z) = (sgn(x1),...,sgn(zq)) € R, let
a2’ be the transpose of x, and let ||z||; and ||z||2 be the
1-norm and the 2-norm of x, resp. For z,y € R%, let
x -y be the inner product. Let 1 = (1,...,1)" € R4
For S € R? let co(S) denote its convex closure. De-
fine also diag((R")") = {(z,...,z) € R)" |z € R}
for n € N. Given a positive semidefinite d x d-matrix
A, let Ho(A) C R? denote the eigenspace correspond-
ing to 0 (if A is positive definite, set Hyo(A) = {0}).
We denote by mp,(a) : R? — Hy(A) the orthogonal
projection onto Hy(A). Let A2(A) and A;(A) be the
smallest non-zero and greatest eigenvalue of A, resp.,
ie. A2(A) = min{A | A > 0 and A eigenvalue of A} and
Ad(A) = max {\ | A eigenvalue of A}. It is easy to see

P Az > Xo(A) |z — 7y (@)]3, zeRL (1)

2 Nonsmooth stability analysis

This section introduces discontinuous differential equa-
tions and presents various nonsmooth tools to analyze
their stability properties. We present two novel results
on the second-order evolution of locally Lipschitz func-
tions and on finite-time convergence.

2.1 Discontinuous differential equations

For differential equations with discontinuous right-hand
sides we understand the solutions in terms of differential
inclusions following [10]. Let F : RY — 2% be a set-
valued map. Consider the differential inclusion

i€ F(z). 2)

A solution to this equation on an interval [to,t1] C R
is defined as an absolutely continuous function x :
[to,t1] — RY such that ©(t) € F(z(t)) for almost all
t € [to, t1]. Now, consider the differential equation

#(t) = X(x(t)) , (3)

where X : R¢ — R? is measurable and essentially locally
bounded [10]. We understand the solution of (3) in the

Filippov sense. For each = € R?, consider the set

K[X)@)= () [ cof{X(Ba(z,8)\S)}, (4)

§>0 p(8)=0

where p denotes the usual Lebesgue measure in R?. In-
tuitively, this set is the convexification of the limits of
the values of the vector field X around z. A Filippov so-
lution of (3) on an interval [tg,t1] C R is defined as a
solution of the differential inclusion

i e K[X](x). (5)

Since the set-valued map K[X] : RY — 2R g upper
semicontinuous with nonempty, compact, convex values
and locally bounded, the existence of Filippov solutions
of (3) is guaranteed (cf. [10]). A maximal solution is a
Filippov solution whose domain of existence is maximal,
i.e., cannot be extended any further. A set M is weakly
invariant (resp. strongly invariant) for (3) if for each
xo € M, M contains a maximal solution (resp. all max-
imal solutions) of (3).

2.2 Stability via nonsmooth Lyapunov functions

Let f : R? — R be locally Lipschitz and regular (see [4]
for detailed definitions). From Rademacher’s Theo-
rem [4], we know that locally Lipschitz functions are

differentiable a.e. Let ; C R? denote the set of points
where f fails to be differentiable. The generalized gradi-
ent of f at x € R? (cf. [4]) is defined by

of (z) :CO{,li+m df (@) | @y — ., 23 € SUQy},
where S can be any set of zero measure. Note that if f
is continuously differentiable, then df(z) = {df (z)}.

Given a locally Lipschitz function f, the set-valued Lie
derivative of f with respect to X at x (cf. [1, 8]) is

Lxf(z)={aeR| I e K[X](z) with
(-v=a, V(€ If(x)}.



For z € R%, Ly f(x) is a closed and bounded interval in
R, possibly empty. If f is continuously differentiable at x,
then Lx f(x) = {df - v | v € K[X](z)}.If, in addition, X
is continuous at x, then Lx f(z) = {Lx f(z)}, the usual
Lie derivative of f in the direction of X at x. The next
result, from [1], shows that this Lie derivative measures
the evolution of a function along the Filippov solutions.

Theorem 1 Let z : [to,t1] — R? be a Filippov solution
of (3). Let f be a locally Lipschitz and regqular function.
Then t — f(x(t)) is absolutely continuous, <& (f(x(t)))
ezists a.e. and % (f(z(t))) € Lxf(z(t)) a.e.

Sometimes, we can also look at second-order informa-

tion for the evolution of a function along the Filippov
solutions. This is what we prove in the next result.

Proposition 2 Let z : [tg,t;] — R? be a Filippov so-
lution of (3). Let f be a locally Lipschitz and regular
function. Assume that fo : R? — 2R s single-valued,
i.e., it takes the form EXf : R4 — R, and assume it is
Lipschitz and reqular. Then j—; (f(x(t))) exists a.e. and

£ (f(2(t) € Lx (Lxf)(x(t)) ae.

PROOF. Applying Theorem 1 to f and Lxf,
resp., we deduce that (i) ¢t — f(z(t)) is abso-
lutely continuous, and 2 (f(z(t)) = Lxf(z(t))
ae., and, (i) ¢t — Lxf(z(t)) is absolutely continu-
ous, and L (Lxf(z(t) = Lx(Lxf)(z(t)) ae. Since

t — Lx f(z(t)) is continuous, the expression

d

= fla(to)) + / L f(x(s))ds,

f(xt)) = f(x(to)) + (f(x(s))) ds

and the second fundamental theorem of calculus im-
plies that ¢t — f(x(t)) is continuously differentiable, and

therefore % (f(z(t))) = Lxf(z(t)) for all t. Now, us-

ing (ii), we conclude that ¢ — % (f(z(t))) is differen-

tiable a.e. and L (f(x(t))) € Lx (Lx f)(z(t)) ae. o

The following result is a generalization of LaSalle princi-
ple for discontinuous differential equations (3) with non-
smooth Lyapunov functions. The formulation is taken
from [1], and slightly generalizes [19].

Theorem 3 (LaSalle Invariance Principle): Let f
R? — R be a locally Lipschitz and reqular function.
Let xg € S C R?, with S compact and_strongly invari-
ant for (3). Assume that either max Lx f(z) < 0 or
Lxf(x) =0 forallz € S. Let Zx; ={z € R |0 €
Lx f(x)}. Then, any solution x : [ty, +00) — R? of (3)
starting from xo converges to the largest weakly invari-
ant set M contained in Zx ¢ NS. Moreover, if the set

M s a finite collection of points, then the limit of all
solutions starting at xq exists and equals one of them.

The following result is taken from [8].

Proposition 4 (Finite-time convergence with first-
order information): Under the same assumptions of The-
orem 3, further assume that there exists a neighborhood
UofZx NS inS suchthatmax Lxf < —e <0 a.e on
U\ (Zx,; N S). Then, any solution z : [tg, +o0) — RY
of (3) starting at xy € S reaches Zx ¢ NS in finite time.
Moreover, if U = S, then the convergence time is upper
bounded by (f(xg) — mingegs f(x))/e.

Often times, first-order information is inconclusive to as-
sess finite-time convergence. The next result uses second-
order information to arrive at a satisfactory answer.

Theorem 5 (Finite-time convergence with second-
order information): Under the same assumptions of
Theorem 3, further assume that (i) x € R% — Lx f(x)
is single-valued, Lipschitz and regular; and (i) there
exists a neighborhood U of Zx y NS in S such that
minLx(Lxf) > € > 0 ae onU\ (Zx,y NS). Then,
any solution x : [ty, +00) — R? of (3) starting at xg € S
reaches Zx y NS in finite time. Moreover, if U = S, then
the convergence time is upper bounded by —Lx f(xo)/e.

PROOF. Since z € R+ Lx f(z) is single-valued and
continuous, then Zy ; = {z € R? | Lxf(z) = 0} is
closed. Let x : [tg, +00) — RY be a solution of (3) start-
ing from xzy € S\ Zx . We reason by contradiction.
Assume it does not exist T' such that (1) € Zx ;. By
Theorem 3, z(t) - M C Zx ;NS when t — 400, and
therefore there exists t, > to with (t) € U for all t > t,.
Using Proposition 2 (cf. assumption (i)) combined with

assumption (ii), we write for g(t) = < (f(z(t))),

o) =a(t) + [ aleds > g(t) +elt—t) 1> b

Since x(t«) € Zx,¢ by hypothesis, then g(t.) < 0. Not-
ing that t — g¢(t) is continuous, we deduce that there ex-
ists T < t, — @ such that g(T') =0, i.e.,, z(T) € Zx g,
which is a contradiction. The upper bound on the con-
vergence time can be deduced using similar arguments.e

3 Finite-time convergent gradient flows

Here, we formally introduce the normalized and signed
gradient flows of a differentiable function, and character-
ize their convergence properties. We build on Section 2
to identify conditions for finite-time convergence. Let

C amd(f)() )
= Tead(H @) (62)
& = — sgn(grad(f)(x)).. (6b)

Both equations have discontinuous right-hand sides.
Hence, we understand their solutions in the Filip-
pov sense. Note that the trajectories of (6a) and of
& = —grad(f)(z) describe the same paths.



Lemma 6 The Filippov set-valued maps associated with
the discontinuous vector fields (6a) and (6b) are
grad(f)
[ d J@ =
[l grad(f)ll2
grad(f)(z:)

{0 Terad (N s

K[ sgn(grad(f))] () =
{veR?|v; = sgn(grad;(f)(x)) if grad;(f)(x) # 0 and
€ [-1,1] if grad;(f)(z) =0, forie {1,...,d}}.

| @i — , grad(f)(z) # 0},

rad(f rad(f)(z
Note K [rE23thin (o) = b derad(f)(z) # 0.

The proof of this result follows from the definition (4) of
the operator K and the particular forms of (6a) and (6b).

For a differentiable function f, let Critical(f) =
{z € R?| grad(f)(z) =0} denote the set of its critical
points, and let Hess(f)(z) denote its Hessian matrix at

x € R?. The next result establishes the general asymp-
totic properties of the flows in (6).

Proposition 7 Let f : R4 — R be a differentiable func-
tion. Let xog € S C R?, with S compact and strongly
invariant for (6a) (resp., for (6b)). Then each solution
of equation (6a) (resp. equation (6b)) starting from xg
asymptotically converges to Critical(f).

PROOF. For equation (6a), if grad(f)(z) # 0, then

~ rad(f)(z
L graas) {H & )

m grad(f ﬂ?)||
= {| grad(f) (=)=}

If, instead, grad(f)(z) = 0, then £ _gaacs)

Il grad(f)ll2

~grad(f) (=) }

f(z) = {0}.

Therefore, we deduce

57 aaa(r)  f(2) = —| grad(f)(z)||2, forallz e R,

[l grad(f)ll2

Consequently, Z

grad(f)
Tgrad(Hl2’

LaSalle Invariance Principle (cf. Theorem 3) implies that
each solution of (6a) starting from xg asymptotically
converges to the largest weakly invariant set M con-
tained in Critical(f) NS, which is Critical(f) NS itself.

;= Critical(f) is closed, and

For equation (6b), we have a € Esgn(grad(f))f(x) if and
only if there exists v € K[sgn(grad(f))](z) such that

a =v-grad(f)(z). From Lemma 6, we deduce that a =

sgn(grad, (f)(x))-grad, (f)(2)+ - - -+sgn(grad, (f)(x))-
grad,, (f)(z) = || grad(f)(z)||1. Therefore, we deduce

E— Sgn(grad(f))f(x) = {_” grad(f)(x)Hl}

Consequently, Z_ g (grad(f)),s = Critical(f) is closed,
and LaSalle Invariance PrlnClple implies that each solu—
tion of (6b) starting from xg asymptotically converges

to the largest weakly invariant set M contained in
Critical(f) NS, which is Critical(f) NS itself. .

Let us now discuss the finite-time convergence properties
of the vector fields (6). Note that Proposition 4 cannot
be applied. Indeed,

max Zﬁ H gra(f((f))u f(x) = —| grad(f)(z)|l2,
max Z— sgn(grad(f))f(x) = _” gra’d(f)(x)”l )

and both infaceU\Critical(f)ﬁS ” grad(f) (x)”Q = 0 and
inf,con critical(£)ns || grad(f)(z)[]1 = 0, for any neigh-
borhood U of Critical(f)N.S in S. Hence, the hypotheses
of Proposition 4 are not verified by either (6a) or (6b).

Under additional conditions, one can establish stronger
convergence properties of (6). We show this next.

Theorem 8 Let f : R? — R be a second-order differ-
entiable function. Let xo € S C R%, with S compact
and strongly invariant for (6a) (resp., for (6b)). Assume
there exists a neighborhood V' of Critical(f) NS in S
where either one of the following conditions hold:

(i) for allx € V, Hess(f)(x) is positive definite; or

(i) for allz € V' \ (Critical(f) N.S), Hess(f)(x) is pos-
itive semidefinite, the multiplicity of the eigenvalue
0 is constant, and grad(f)(x) is orthogonal to the
eigenspace of Hess(f)(z) corresponding to 0.

Then each solution of (6a) (resp. (6b)) starting from xg
converges in finite time to a critical point of f. Further-
more, if V=S, then the convergence time of the solutions
of (6a) (resp. (6b)) starting from xq is upper bounded by

)\LOH grad(f)(zo)ll2  (resp. )\io||gfad(f)(fﬂ0)||1)»

where A\g = mingcg Az (Hess(f)(x)).

PROOF. Our strategy is to show that the hypothe-
ses of Theorem 5 are verified by both vector fields.
From Proposition 7, we know that each solution
of (6a) (resp. (6b)) starting from x converges to
Critical(f). Let us take an open set U C S such that

Critical(f)NS c U c U C V. Since S is compact, U is
also compact. By continuity, under either assumption (i)
or assumption (ii), the function \o(Hess(f)) : U — R,
x +— Ag(Hess(f)(x)), reaches its minimum on U, i.e,
there exists Ag > 0 such that Ag(Hess(f)(x)) > Ao for
all z € U. Moreover, from (1), we have for all u € R%,

u Hess(f)(z)u >
> Xa(Hess(f)(x)) lu = Tao(stess() o (W13 (7)

For (6a), recall from the proof of Proposition 7, that the

function z € R? — £ saaey f(z) = || grad(f) ()2
Terad (/)1
is single-valued, locally Lipschi2tz and regular, and hy-

pothesis (i) in Theorem 5 is satisfied. Additionally,




Z  gatn = Critical(f). Let us take z ¢ Critical(f),
~Teraatilz _ _
and let us compute £ graacn (£ armacry  f)(2). Noting

Tgrad(f)ll2 I grad(f)ll2

grad(f)(z) } 7

(| grad() |2} (@) = { Hess()(w) e o

we deduce

L grad(f) (E ea(r)  f)(7) =

I grad(f)ll2 IIgrad(f)ll2

grad(f)(z)’ grad(f)(z)
| grad(f)()]|2 | grad(f)(z)ll2

Let z € U\ (Critical(f)N.S). Under either assumption (i)

cey . rad T
or (ii) in the theorem, 7 g, (Hess f(x)) (M) =0.

Then, using (7) in equation (8), we conclude

Hess(f)(x) (8)

(@) = Aa(Hess(f)(z)) -

2

L _gaa) (£ _graag)
Terad(Hlz  Terad(Hla

grad(f)(z) ‘
I grad(f)(z)[[2 2

for x € U \ (Critical(f) N S). Hence, hypothesis (ii) in
Theorem 5 is also verified, and we deduce that the set
Critical(f) is reached in finite time, which in particular
implies that the limit of any solution of equation (6a)
starting from zg € S exists and is reached in finite time.

= Ag(Hess(f)(x)) > Ao > 0,

For (6b), recall from Proposition 7, that the func-

tion z € RY ‘ngn(grad(f))f(x) = ngad(f)(x)”l
is single-valued, locally Lipschitz and regular, and
hypothesis (i) in Theorem 5 is satisfied. Addition-
ally, Z_ sgn(grad(s)),y = Critical(f). Let us take = ¢

Critical(f), and com~pute Lsgn(graﬂuvi(f)) (Esgn(grad(f)) f) (:Z?)

By definition, a € ‘ngn(grad(f))(Esgn(grad(f))f)(x) if and
only if there exists v € K[sgn(grad(f))](z) such that
a=wv-(, for any ¢ € (|| grad(f)|1)(x). Note that

A(|l grad(f)[l1)(z) =
{¢ € R? | ¢ = Hess(f)(z)n, for some n € R* with
n; = sgn(grad,(f)(x)) if grad;(f)(z) # 0 and
€ [-1,1]if grad;(f)(z) =0, fori € {1,...,d}}.

In particular, Hess(f)(z)v € 9(| grad(f)]|1)(z). Then
a = o' Hess(f)(z)v. Let us now decompose v as
V= Ty o) (V) + (v — Ty (v)), Where T, ) (v) €
Ho(z) and v — 7o) (v) € Ho(z):. Because v €
K [sgn(grad(f))](z), we deduce v - grad(f)(z) =

| grad(f)(x)|l;. Let * € U \ (Critical(f) N S). Under
either assumption (i) or (ii),

[ grad(f)(z)l[x = v - grad(f)(z)
= (0= Ty (@) (v) - grad(f)(x)
<o = 7 (2) (0)[[2]] grad(f) (@) [2-

Using ||ull1 > ||ull2 for any u € RY, we deduce from this
equation that [|[v —7 g, (2)(v) ]2 > 1. Therefore, using (7)

0 = o' Hess(f) (&) v > ha(Hess()(2)) llo— 1, (0) 2
> Aa(Hess(f)(z)) > Ao > 0,

for x € U \ (Critical(f) N S). Consequently, we

get min Logn(grad(f)) (Losgn(arad(f) f) 2 Ao > 0 on
U\ (Critical(f)NS). Hence, hypothesis (ii) in Theorem 5
is also verified, and we deduce that the set Critical(f) is
reached in finite time, which in particular implies that
the limit of any solution of equation (6b) starting from
xo € S exists and is reached in finite time. The upper
bounds on the convergence time of the solutions of both
flows also follow from Theorem 5. °

Corollary 9 Let f : R — R be a second-order differ-
entiable function. Let xo € S C R, with S compact and
strongly invariant for (6a) (resp., for (6b)). Assume that
for each x € Critical(f) NS, Hess(f)(x) is positive def-
inite. Then each solution of (6a) (resp. (6b)) starting
from xg converges in finite time to a minimum of f.

4 Applications to network consensus

The results of the preceding sections on nonsmooth gra-
dient dynamical systems can be applied to any multi-
agent coordination algorithm whose design involves the
gradient of meaningful aggregate objective functions. As
an illustration, we discuss here the application to net-
work consensus problems, and defer the treatment of
other coordination tasks to future work.

Consider a network of n agents. The state of the ith
agent, denoted p; € R, evolves according to a first-order
dynamics p;(t) = u;. Let G = ({1,...,n},E) be an
undirected graph with n vertices, describing the topol-
ogy of the network. The graph Laplacian matrix Lg as-
sociated with G (see, for instance, [16]) is defined as
Lg = Ag—Ag, where Ag is the degree matrix and Ag is
the adjacency matrix of the graph. When the graph G is
clear from the context, we will simply denote it by L. The
Laplacian matrix is symmetric, positive semidefinite and
has 0 as an eigenvalue with eigenvector 1. More impor-
tantly, G is connected if and only if rank(L) = n—1, i.e.,
if the eigenvalue 0 has multiplicity one. This is the rea-
son why Ao(L) = min{X | A > 0 and A eigenvalue of L}
is termed the algebraic connectivity of G.

Two agents p; and p; agree if and only if p; = p;. The

Laplacian potential ®¢ : R® — R, associated with G
(see [16]) quantifies the group disagreement,

1 1
Ca(pry-oipn) = GPLP =5 > —p)?
(i,j)eE

with P = (p1,...,pn)" € R"™. Clearly, ®¢(p1,...,0n) =
0 if and only if all neighboring nodes in the graph G
agree. If G is connected, then all nodes agree and a con-
sensus is reached. Therefore, we want the network to



reach the critical points of ®. Assume G is connected.
The Laplacian potential is smooth, and its gradient is

grad(®¢)(P) = LP. The gradient algorithm
) 0®¢q
pit) = — o Z (p;(t) — pi(t)), (9)
Pi )
JENG,i
for i € {1,...,n}, is distributed over G, i.e., each agent

can implement it with the information provided by its
neighbors in the graph G (see [9] for a more thorough
exposition of spatially distributed algorithms). The algo-
rithm (9) asymptotically converges to the critical points
of &4, i.e., asymptotically achieves consensus. Actually,
since the system is linear, the convergence is exponen-
tial with rate lower bounded by A2(L). Additionally,
the fact that 1 - (LP) = 0 implies that Y., p; is con-
stant along the solutions. Therefore, each solution of (9)
is convergent to a point of the form (ps,...,ps), with

ps =23 p;(0) (this is called average-consensus).

Following (6), consider the discontinuous algorithms

S ewe (00— pil1))

Di(t) = , 10a
" IZP@Ts (102
ity =sen (Y (v;(1) —pilt)), (10b)

JENG,i
for i € {1,...,n}. Note that the algorithm (10b) is dis-

tributed over G, whereas the algorithm (10a) is not. Be-
fore analyzing their convergence properties, we identify
a conserved quantity for each of these flows.

Proposition 10 Define g, : R* — R, g : R — R by

pr

max iyt min i
o 7}{p} e )}{p}

g1 pla"'7pn

g2(p1y-- - Pn) =

Then g1 is constant along the solutions of (10a) and ga
is constant along the solutions of (10b).

PROOF. The function g¢; is differentiable, with
grad(g1)(P) = 1. For any P = (p1,...,p,) € R",
L aaa@g g1(P) = {0}. Therefore, from Theorem 1,

T Terad(@g)l2 . .
we conclude that g; is constant along the solutions

of (10a). On the other hand, from [4, Proposition 2.3.12],
one deduces that gs is locally Lipschitz and regular, with

_min ()

max | {p; 1

dg2(P) = co{e; € R™| j such that p; =

+ Co{ek € R™| k such that p, =

7

Leta € L_ sgn(grad (¢ )) 92 (P). By definition, there exists
v € K| — sgn(grad(®¢))] (P) with

a=wv-(, forall (e dga(P). (11)

If P e diag(R™), then dga(P) = R4, and, for (11) to
hold, necessarily v = (0,...,0). Therefore a=0.1If
P ¢ diag(R™), there exist j,k e {1,. n} with p; =
min;ery, . 1 {0i}, Px = maxie{l,...,n}{pi} such that

S i-p)>0, > (pi—pr) <0,
iENc,j iGNG,k
and hence, from Lemma 6, v; = 1 and vy = —1. There-

fore, we deduce a = v - (e +e;) =1 —1=0. Note that
L_ son(grad(ec))92(P) # 0 because sgn(grad(®g))-¢ =0
for all ¢ € dg2(P), and hence 0 € L sen(grad(®c))92(P).
Finally, we conclude £_ sgn(grad(®))92(P) = {0}, and
therefore g, is constant along the solutions of (10b). e

The following theorem completely characterizes the
asymptotic convergence properties of the flows in (10).

Theorem 11 Let G = ({1,...,n},E) be a con-
nected undirected graph. Then, the flows in (10)
achieve consensus in finite time. More specifically, for

Py = ((pl)oa ) (pn)O) €R",

(i) the solutions of (10a) starting from Py converge in
finite time to (ps,...,p«), with p. = L3 [ (pi)o
(average-consensus). The convergence time is upper
bounded by ||LPy||2/ 2(L);

(i) the solutions of (10b) starting from P, con-
verge in finite time to (Du,...,Dx), with p, =
s(maxieqr oy {(Pi)o} + mineqr, . {(pi)o})
(average-maz-min-consensus). The convergence
time is upper bounded by || LPyl|1/A2(L).

PROOF. Our strategy is to verify the assumptions
in Theorem 8. Let ;' (< () = {(p1,..-,pn) €
R | ®g(p1,...,pn) < ®g(Py)}. Clearly, this set is
strongly invariant for both flows. Since L is positive
semidefinite, @G (p1,...,pn) > A2(L) ||P—7THD(A)(P)H§.
Then, ||[P — 7o) (P)|3 < ®a(Po)/A2(L) for P €
;' (< ®¢(Py)). Consider also the closed set

W(Py) = {PeR" |

3

min i <
(min {(pio}

1
“P-1< Do)}
pPo1s, max {(pio}}

One can see that W (P,) is strongly invariant for (10a)

and for (10b). Now, define the set S = W (Py) N &5 (<
& (P)). From the preceding discussion, we deduce that
S is strongly invariant for (10a) and (10b). Clearly, S
is closed. Furthermore, using P = 7, (1)(P) + P —

T, (L) (P), and noting 7,y (P) = £21, we deduce
I1Pll2 = 7o) (P2 + [|1P = 7o 1) (P)l2

< \/_max{| InlIl }{ (pi)o}!, \{H}af( {(pi)o}l} + P))




for P € S. Therefore, S is bounded, and hence com-
pact. Now, Hess(®)(P) = L is positive semidefinite
at any P € R", with the eigenvalue 0 having a multi-
plicity 1 (not depending on P). Additionally, for P &
Critical(®g), grad(®q)(P) = LP # 0 is orthogonal to
span{1}, the eigenspace of L corresponding to the eigen-
value 0. Finally, Theorem 8(ii) with V' = S (together
with Proposition 10) yields the result. °

Fig. 1 illustrates the evolution of the differential equa-
tions (9), (10a) and (10b). As stated in Theorem 11,
the agents’ states evolving under (10a) achieve consen-
sus in finite time at + ZZ 1(pi)o, and the agents’ states
evolving under (10b) achieve consensus in finite time at

% (maxie{l,...,n}{(pi)O} + minie{l,...,n}{(pi)o})'

Networks with switching network topologies. For
networks with switching connected topologies, one can
derive a similar result to Theorem 11. Consider, follow-
ing [16], the next setup. Let I',, be the finite set of con-
nected undirected graphs with vertices {1,...,n},

r,={G=({1,...,

Let It, C N be an index set associated with the ele-
ments of I'y,. A switching signalo isamapo : Ry — It .
For each time t € R, the switching signal o establishes
the network graph G, ;) € I';, employed by the network
agents. Now, consider a network subject to the switch-
ing network topology defined by ¢ and executing one of
the coordination algorithms introduced above. In other
words, consider the switching system

n}, E) | G connected, undirected} .

02
Bt =—— "= 3 ) -p),  (12)
bi jENGa(t,)’i
fori € {1,...,n}, and the switching systems
, 2 jeN, (t),i(pj (t) — pi(t))
PO = PO (132)
pit) =sgn (> (pi(t) — pilt))). (13b)
jeENG

o(t)?
The switching system (12) asymptotically achieves

average-consensus for an arbitrary switching signal o.
Let G, € T',, be such that

- min {213}

For the systems in (13), we have the next result.

A2(Le.)
)\n(LG*)

Corollary 12 Let o : Ry — It be a switching signal.
Then, the flow (13a) achieves avemge consensus in finite

_721 1 pz 01”2;
and the flow (13b) achzeves cwemge MazT-Mmin-consensus
in finite time equal to %(maxie{lﬁ_“’n}{(pi)o} -

3 {(Pi)o}).

time upper bounded by e (

min;eqy,..

PROOF. For the flow (13a), consider the candidate
Lyapunov function V7 : R" — R

1 1 < 2
Py=5lP-=Y mls
=1

The first-order evolution of this function along the net-

work trajectories is determined by E arad(ag) V1(P) =
Terad(2)12
P/

m, for each G € T',, which is single-valued, Lip-
schitz and regular. Additionally, for any G € T',,,

= A2 (Lg) 1 &
£_ grad(®g) Vl(P)S—)\i(LZ) HP— Eizzlpi 1”2 S 0.

I grad(®g)ll2

The application of the LaSalle Invariance Principle en-
sures that the flow (13a) achieves average-consensus.
From the preceding inequality and the definition of V7,

Ly 1y o(L
IP@=2 ;pi 1], <[[P(0) - ﬁ;pi 1,325

which implies the result.

For the flow (13b), consider the candidate Lyapunov
function V5 : R® — R

1 .
VP) = 1P =5 ( ax o+ pin () 1.
1
=g, pid = pin | {pid).

This function is locally Lipschitz and regular. Let
a€el_ sgn(grad(®¢)) V2(P). Then, there exists v € K[ —
sgn(grad(®¢))| (P) with a = v - ¢, for all { € OVa(P).
Take P with V5(P) # 0. Let j,k € {1,...,n} such that
p; = minze{l,...,n}{Pi}, Pk = maXiE{l,“.,n}{pi}' Then
1(ex — ;) € OVa(P), v; = 1 and v, = —1. Therefore
a = —1. The result follows from Proposition 4. .

Remark 13 Note that in the proof of Corollary 12, we
have explicitly computed the convergence time of the
flow (10b) to achieve average-mazx-min-consensus to be

%(maXie{l,...,n}{(Pi)o} - minie{l,...,n}{(pi)o})- L]
5 Conclusions

We have introduced the normalized and signed versions
of the gradient descent flow of a differentiable function.
‘We have characterized the asymptotic convergence prop-
erties of these nonsmooth gradient flows, and identified
suitable conditions that guarantee that convergence to
the critical points is achieved in finite time. In doing so,
we have built on two novel nonsmooth analysis results on
finite-time convergence and second-order information on
the evolution of Lyapunov functions. These results are
not restricted to gradient flows, and can indeed be used
in other setups involving discontinuous vector fields. We
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Fig. 1.
ated initial configuration with p; €
E={(1,4),(1,10),(2,10),(3,6), (3,9), (

[_77 7]:

have discussed the application of the results to network
consensus problems.

Future work will be devoted to explore (i) the use of
the upper bounds on the convergence time of the pro-
posed nonsmooth flows in assessing the time complexity
of coordination algorithms; (ii) the application of the re-
sults to consensus-based sensor fusion algorithms, and
other coordination problems such as formation control,
deployment and rendezvous; (iii) the robustness prop-
erties of the proposed consensus flows under asynchro-
nism, delays and network topologies that are not con-
nected at all times; and (iv) the identification of other
nonsmooth distributed algorithms based on gradient in-
formation with similar convergence properties.
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