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Abstract. This paper presents a geometric description on Lie algebroids of
Lagrangian systems subject to nonholonomic constraints. The Lie algebroid

framework provides a natural generalization of classical tangent bundle ge-
ometry. We define the notion of nonholonomically constrained system, and
characterize regularity conditions that guarantee the dynamics of the system
can be obtained as a suitable projection of the unconstrained dynamics. The

proposed novel formalism provides new insights into the geometry of nonholo-
nomic systems, and allows us to treat in a unified way a variety of situations,
including systems with symmetry, morphisms and reduction, and nonlinearly
constrained systems. Various examples illustrate the results.
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1. Introduction

The category of Lie algebroids has proved useful to formulate problems in applied
mathematics, algebraic topology, and algebraic and differential geometry. In the
context of Mechanics, an ambitious program was proposed by A. Weinstein [60] in
order to develop formulations of the dynamical behavior of Lagrangian and Hamil-
tonian systems on Lie algebroids and discrete mechanics on Lie groupoids. In the
last years, this program has been actively developed by many authors, and as a
result, a powerful and complete mathematical structure is emerging.

One of the main features of the Lie algebroid framework is its inclusive nature.
Under the same umbrella, one can consider such disparate situations as systems with
symmetry, systems evolving on semidirect products, Lagrangian and Hamiltonian
systems on Lie algebras, and field theory equations (see [17, 37] for recent topical
reviews illustrating this). The Lie algebroid approach to Mechanics builds on the
particular structure of the tangent bundle to develop a geometric treatment of
Lagrangian systems parallel to Klein’s formalism [20, 30]. At the same time, the
attention devoted to Lie algebroids from a purely geometrical viewpoint has led
to an spectacular development of the field, e.g. see [5, 12, 42, 53] and references
therein. The merging of both perspectives has already provided mutual benefit,
and will undoubtedly lead to important developments in the future.

The other main theme of this paper are nonholonomically constrained Lagrangian
systems. Since the seminal paper by J. Koiller [31], there has been a renewed
interest in the study of nonholonomic mechanical systems, i.e., mechanical sys-
tems subject to constraints involving velocities. In the last years, several authors
have extended the ideas and techniques of the geometrical treatment of uncon-
strained systems to the study of nonholonomic mechanical systems, see for in-
stance [2, 4, 7, 9, 11, 16, 21, 32, 33, 34, 35, 41, 57] and the recent monographs [3, 15].

In this paper we develop a comprehensive treatment of nonholonomic systems
on Lie algebroids. This class of systems was introduced in [18] when studying me-
chanical control systems (see also [49] for a recent approach to mechanical systems
on Lie algebroids subject to linear constraints). Here, we build on the geometry
of Lie algebroids to identify suitable regularity conditions guaranteeing that the
nonholonomic system admits a unique solution. We also develop a projection pro-
cedure to obtain the constrained dynamics as a modification of the unconstrained
one. We show that many of the properties that standard nonholonomic systems
enjoy have their counterpart in the proposed setup. From a methodological point
of view, this approach has enormous advantages. As important examples, we high-
light that the analysis clearly explains the use of pseudo-coordinates techniques
and naturally lends itself to the treatment of constrained systems with symmetry,
following the ideas developed in [18, 46]. We carefully examine the reduction pro-
cedure for this class of systems, and provide with various examples illustrating the
results. Developments of a similar caliber are expected in the future as indicated in
the conclusions of the paper. In the course of the preparation of this manuscript,
the recent research efforts [13, 48] were brought to our attention. Both references,
similar in spirit to the present work, deal with nonholonomic Lagrangian systems
and focus on the reduction of Lie algebroid structures under symmetry.

The paper is organized as follows. In Section 2 we collect some preliminary no-
tions and geometric objects on Lie algebroids, including differential calculus, mor-
phisms and prolongations. We also describe classical Lagrangian systems within the
formalism of Lie algebroids. In Section 3, we introduce the class of nonholonomic
Lagrangian systems subject to linear constraints, given by a regular Lagrangian
L : E −→ R on the Lie algebroid τ : E −→ M and a constraint subbundle D
of E. We show that the known results in Mechanics for these systems also hold
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in the context of Lie algebroids. In particular, drawing analogies with d’Alembert
principle, we derive the Lagrange-d’Alembert equations of motion, prove the con-
servation of energy and state a Noether’s theorem. We also derive local expressions
for the dynamics of nonholonomic Lagrangian systems, which are further simplified
by the choice of a convenient basis of D. As an illustration, we consider the class
of nonholonomic mechanical systems. For such systems, the Lagrangian L is the
polar form of a bundle metric on E minus a potential function on M . In Section 4,
we perform the analysis of the existence and uniqueness of solutions of constrained
systems on general Lie algebroids, and extend the results in [2, 8, 9, 16, 34] for
constrained systems evolving on tangent bundles. We obtain several characteriza-
tions for the regularity of a nonholonomic system, and prove that a nonholonomic
system of mechanical type is always regular. The constrained dynamics can be
obtained by projecting the unconstrained dynamics in two different ways. Under
the first projection, we develop a distributional approach analogous to that in [2],
see also [49]. Using the second projection, we introduce the nonholonomic bracket.
The evolution of any observable can be measured by computing its bracket with the
energy of the system. Section 5 is devoted to studying the reduction of the dynam-
ics under symmetry. Our approach follows the ideas developed by H. Cendra, J.E.
Marsden and T. Ratiu [14], who defined a minimal subcategory of the category of
Lie algebroids which is stable under Lagrangian reduction. We study the behavior
of the different geometric objects introduced under morphisms of Lie algebroids,
and show that fiberwise surjective morphisms induce consistent reductions of the
dynamics. This result covers, but does not reduce to, the usual case of reduction
of the dynamics by a symmetry group. In accordance with the philosophy of the
paper, we study first the unconstrained dynamics case, and obtain later the results
for the constrained dynamics using projections. A (Poisson) reduction by stages
procedure can also be developed within this formalism. It should be noticed that
the reduction under the presence of a Lie group of symmetries G is performed in
two steps: first we reduce by a normal subgroup N of G, and then by the residual
group. In Section 6, we prove a general version of the momentum equation intro-
duced in [4]; this equation shows the important role played by the kernel of the
anchor map. In Section 7, we show some interesting examples and in Section 8, we
extend some of the results previously obtained for linear constraints to the case of
nonlinear constraints. The paper ends with our conclusions and a description of
future research directions.

2. Preliminaries

In this section we recall some well-known facts concerning the geometry of Lie
algebroids. We refer the reader to [6, 28, 42] for details about Lie groupoids, Lie
algebroids and their role in differential geometry.

Lie algebroids. Let M be an n-dimensional manifold and let τ : E → M be a
vector bundle. A vector bundle map ρ : E → TM over the identity is called an
anchor map. The vector bundle E together with an anchor map ρ is said to be
an anchored vector bundle (see [52]). A structure of Lie algebroid on E is
given by a Lie algebra structure on the C∞(M)-module of sections of the bundle,
(Sec(E), [· , ·]), together with an anchor map, satisfying the compatibility condition

[σ, fη] = f [σ, η] +
(
ρ(σ)f

)
η.

Here f is a smooth function onM , σ, η are sections of E and ρ(σ) denotes the vector
field on M given by ρ(σ)(m) = ρ(σ(m)). From the compatibility condition and the
Jacobi identity, it follows that the map σ 7→ ρ(σ) is a Lie algebra homomorphism
from the set of sections of E, Sec(E), to the set of vector fields on M , X(M).
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In what concerns Mechanics, it is convenient to think of a Lie algebroid ρ : E →
TM , and more generally an anchored vector bundle, as a substitute of the tangent
bundle of M . In this way, one regards an element a of E as a generalized velocity,
and the actual velocity v is obtained when applying the anchor to a, i.e., v = ρ(a).
A curve a : [t0, t1] → E is said to be admissible if ṁ(t) = ρ(a(t)), where m(t) =
τ(a(t)) is the base curve. We will denote by Adm(E) the space of admissible curves
on E.

Given local coordinates (xi) in the base manifold M and a local basis {eα} of
sections of E, we have local coordinates (xi, yα) in E. If a ∈ E is an element in
the fiber over m ∈M , then we can write a = yαeα(m) and thus the coordinates of
a are (mi, yα), where mi are the coordinates of the point m. The anchor map is
locally determined by the local functions ρi

α on M defined by ρ(eα) = ρi
α(∂/∂xi).

In addition, for a Lie algebroid, the Lie bracket is determined by the functions Cγ
αβ

defined by [eα, eβ ] = Cγ
αβeγ . The functions ρi

α and Cγ
αβ are called the structure

functions of the Lie algebroid in this coordinate system. They satisfy the following
relations

ρj
α

∂ρi
β

∂xj
− ρj

β

∂ρi
α

∂xj
= ρi

γC
γ
αβ and

∑

cyclic(α,β,γ)

[
ρi

α

∂Cν
βγ

∂xi
+ Cµ

βγC
ν
αµ

]
= 0,

which are called the structure equations of the Lie algebroid.

Exterior differential. The anchor ρ allows to define the differential of a function
on the base manifold with respect to an element a ∈ E. It is given by

df(a) = ρ(a)f.

It follows that the differential of f at the point m ∈ M is an element of E∗
m.

Moreover, a structure of Lie algebroid on E allows to extend the differential to
sections of the bundle

∧p
E, which will be called p-sections or just p-forms. If

ω ∈ Sec(
∧p

E), then dω ∈ Sec(
∧p+1

E) is defined by

dω(σ0, σ1, . . . , σp) =
∑

i

(−1)iρ(σi)(ω(σ0, . . . , σ̂i, . . . , σp))

+
∑

i<j

(−1)i+jω([σi, σj ], σ0, . . . , σ̂i, . . . , σ̂j , . . . , σp).

It follows that d is a cohomology operator, that is, d2 = 0. Locally the exterior
differential is determined by

dxi = ρi
αe

α and deγ = −
1

2
Cγ

αβe
α ∧ eβ .

Throughout this paper, the symbol d will refer to the exterior differential on the Lie
algebroid E and not to the ordinary exterior differential on a manifold. Of course,
if E = TM , then both exterior differentials coincide.

The usual Cartan calculus extends to the case of Lie algebroids (see [42, 51]).
For every section σ of E we have a derivation iσ (contraction) of degree −1 and a
derivation dσ = iσ ◦ d + d ◦ iσ (Lie derivative) of degree 0. Since d2 = 0, we have
that dσ ◦ d = d ◦ dσ.

Morphisms. Let τ : E → M and τ ′ : E′ → M ′ be two anchored vector bundles,
with anchor maps ρ : E → TM and ρ′ : E′ → TM ′. A vector bundle map Φ: E →
E′ over a map ϕ : M → M ′ is said to be admissible if it maps admissible curves
onto admissible curves, or equivalently Tϕ◦ρ = ρ′◦Φ. If E and E′ are Lie algebroids,
then we say that Φ is a morphism if Φ⋆dθ = dΦ⋆θ for every θ ∈ Sec(

∧
E′). It is

easy to see that morphisms are admissible maps.
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In the above expression, the pullback Φ⋆β of a p-form β is defined by

(Φ⋆β)m(a1, a2, . . . , ap) = βϕ(m)

(
Φ(a1),Φ(a2), . . . ,Φ(ap)

)
,

for every a1, . . . , ap ∈ Em. For a function f ∈ C∞(M ′) (i.e., for p = 0), we just set
Φ⋆f = f ◦ ϕ.

Let (xi) and (x′i) be local coordinate systems on M and M ′, respectively. Let
{eα} and {e′α} be local basis of sections of E and E′, respectively, and {eα} and
{e′α} the corresponding dual basis. The bundle map Φ is determined by the rela-
tions Φ⋆x′i = φi(x) and Φ⋆e′α = φα

βe
β for certain local functions φi and φα

β on M .
Then, Φ is admissible if and only if

ρj
α

∂φi

∂xj
= ρ′iβφ

β
α.

The map Φ is a morphism of Lie algebroids if and only if, in addition to the
admissibility condition above, one has

φβ
γC

γ
αδ =

(
ρi

α

∂φβ
δ

∂xi
− ρi

δ

∂φβ
α

∂xi

)
+ C ′β

θσφ
θ
αφ

σ
δ .

In these expressions, ρi
α, Cα

βγare the local structure functions on E and ρ′iα, C ′α
βγ

are the local structure functions on E′.

Prolongation of a fibered manifold with respect to a Lie algebroid. Let
π : P → M be a fibered manifold with base manifold M . Thinking of E as a sub-
stitute of the tangent bundle of M , the tangent bundle of P is not the appropriate
space to describe dynamical systems on P . This is clear if we note that the projec-
tion to M of a vector tangent to P is a vector tangent to M , and what one would
like instead is an element of E, the ‘new’ tangent bundle of M .

A space which takes into account this restriction is the E-tangent bundle of
P , also called the prolongation of P with respect to E, which we denote by T EP
(see [37, 43, 45, 52]). It is defined as the vector bundle τE

P : T EP → P whose fiber
at a point p ∈ Pm is the vector space

T E
p P = { (b, v) ∈ Em × TpP | ρ(b) = Tpπ(v) }.

We will frequently use the redundant notation (p, b, v) to denote the element (b, v) ∈
T E

p P . In this way, the map τE
P is just the projection onto the first factor. The

anchor of T EP is the projection onto the third factor, that is, the map ρ1 : T EP →
TP given by ρ1(p, b, v) = v. The projection onto the second factor will be denoted
by T π : T EP → E, and it is a vector bundle map over π. Explicitly T π(p, b, v) = b.

An element z ∈ T EP is said to be vertical if it projects to zero, that is T π(z) = 0.
Therefore it is of the form (p, 0, v), with v a vertical vector tangent to P at p.

Given local coordinates (xi, uA) on P and a local basis {eα} of sections of E, we
can define a local basis {Xα,VA} of sections of T EP by

Xα(p) =
(
p, eα(π(p)), ρi

α

∂

∂xi

∣∣∣
p

)
and VA(p) =

(
p, 0,

∂

∂uA

∣∣∣
p

)
.

If z = (p, b, v) is an element of T EP , with b = zαeα, then v is of the form v =
ρi

αz
α ∂

∂xi + vA ∂
∂uA , and we can write

z = zαXα(p) + vAVA(p).

Vertical elements are linear combinations of {VA}.
The anchor map ρ1 applied to a section Z of T EP with local expression Z =

ZαXα + V AVA is the vector field on P whose coordinate expression is

ρ1(Z) = ρi
αZ

α ∂

∂xi
+ V A ∂

∂uA
.
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If E carries a Lie algebroid structure, then so does T EP . The associated Lie
bracket can be easily defined in terms of projectable sections, so that T π is a
morphism of Lie algebroids. A section Z of T EP is said to be projectable if there
exists a section σ of E such that T π ◦ Z = σ ◦ π. Equivalently, a section Z is
projectable if and only if it is of the form Z(p) = (p, σ(π(p)),X(p)), for some
section σ of E and some vector field X on E (which projects to ρ(σ)). The Lie
bracket of two projectable sections Z1 and Z2 is then given by

[Z1, Z2](p) = (p, [σ1, σ2](m), [X1,X2](p)), p ∈ P, m = π(p).

It is easy to see that [Z1, Z2](p) is an element of T E
p P for every p ∈ P . Since

any section of T EP can be locally written as a linear combination of projectable
sections, the definition of the Lie bracket for arbitrary sections of T EP follows.

The Lie brackets of the elements of the basis are

[Xα,Xβ ] = Cγ
αβ Xγ , [Xα,VB ] = 0 and [VA,VB ] = 0,

and the exterior differential is determined by

dxi = ρi
αX

α, duA = VA,

dX γ = −
1

2
Cγ

αβX
α ∧ X β , dVA = 0,

where {Xα,VA} is the dual basis corresponding to {Xα,VA}.

Prolongation of a map. Let Ψ: P → P ′ be a fibered map from the fibered
manifold π : P → M to the fibered manifold π′ : P ′ → M ′ over a map ϕ : M →
M ′. Let Φ: E → E′ be an admissible map from τ : E → M to τ ′ : E′ → M ′

over the same map ϕ. The prolongation of Φ with respect to Ψ is the mapping
T ΦΨ: T EP → T E′

P ′ defined by

T ΦΨ(p, b, v) = (Ψ(p),Φ(b), (TpΨ)(v)).

It is clear from the definition that T ΦΨ is a vector bundle map from τE
P : T EP → P

to τE′

P ′ : T E′

P ′ → P ′ over Ψ. Moreover, in [47] it is proved the following result.

Proposition 2.1. The map T ΦΨ is an admissible map. Moreover, T ΦΨ is a
morphism of Lie algebroids if and only if Φ is a morphism of Lie algebroids.

Given local coordinate systems (xi) on M and (x′i) on M ′, local adapted co-
ordinates (xi, uA) on P and (x′i, u′A) on P ′ and a local basis of sections {eα}
of E and {e′α} of E′, the maps Φ and Ψ are determined by Φ⋆e′α = Φα

βe
β and

Ψ(x, u) = (φi(x), ψA(x, u)). Then the action of T ΦΨ is given by

(T ΦΨ)⋆X ′α = Φα
βX

β ,

(T ΦΨ)⋆V ′A = ρi
α

∂ψA

∂xi
Xα +

∂ψA

∂uB
VB .

We finally mention that the composition of prolongation maps is the prolongation
of the composition. Indeed, let Ψ′ be another bundle map from π′ : P ′ → M ′ to
another bundle π′′ : P ′′ →M ′′ and Φ′ be another admissible map from τ ′ : E′ →M ′

to τ ′′ : E′′ → M ′′ both over the same base map. Since Φ and Φ′ are admissible
maps then so is Φ′ ◦ Φ, and thus we can define the prolongation of Ψ′ ◦ Ψ with
respect to Φ′ ◦ Φ. We have that T Φ′◦Φ(Ψ′ ◦ Ψ) = (T Φ′

Ψ′) ◦ (T ΦΨ).
In the particular case when the bundles P and P ′ are just P = E and P ′ = E′,

whenever we have an admissible map Φ: E → E′ we can define the prolongation
of Φ along Φ itself, by T ΦΦ(a, b, v) = (Φ(a),Φ(b), TΦ(v)). From the result above,
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we have that T ΦΦ is a Lie algebroid morphism if and only if Φ is a Lie algebroid
morphism. In coordinates we obtain

(T ΦΦ)⋆X ′α = Φα
βX

β ,

(T ΦΦ)⋆V ′α = ρi
β

∂Φα
γ

∂xi
yγX β + Φα

βV
β ,

where (xi, yγ) are the corresponding fibred coordinates on E. From this expression
it is clear that T ΦΦ is fiberwise surjective if and only if Φ is fiberwise surjective.

Lagrangian Mechanics. In [43] a geometric formalism for Lagrangian Mechanics
on Lie algebroids was defined. It is developed in the prolongation T EE of a Lie
algebroid E over itself. The canonical geometrical structures defined on T EE are
the following:

• The vertical lift ξV : τ∗E → T EE given by ξV (a, b) = (a, 0, bV
a ), where bV

a

is the vector tangent to the curve a+ tb at t = 0,
• The vertical endomorphism S : T EE → T EE defined as follows:

S(a, b, v) = ξV (a, b) = (a, 0, bV

a ),

• The Liouville section which is the vertical section corresponding to the
Liouville dilation vector field:

∆(a) = ξV (a, a) = (a, 0, aV

a ).

Given a Lagrangian function L ∈ C∞(E) we define the Cartan 1-form θL and
the Cartan 2-form ωL as the forms on T EE given by

θL = S∗(dL) and ωL = −dθL. (2.1)

The function L is said to be a regular Lagrangian if ωL is regular at every point
as a bilinear map. Finally, we define the energy function by EL = d∆L − L, in
terms of which we set the Euler-Lagrange equations as

iΓωL − dEL = 0. (2.2)

The local expressions for the vertical endomorphism, the Liouville section, the
Cartan 2-form and the Lagrangian energy are

SXα = Vα, SVα = 0, for all α, (2.3)

∆ = yαVα, (2.4)

ωL =
∂2L

∂yα∂yβ
Xα ∧ Vβ +

1

2

(
∂2L

∂xi∂yα
ρi

β −
∂2L

∂xi∂yβ
ρi

α +
∂L

∂yγ
Cγ

αβ

)
Xα ∧ X β , (2.5)

EL =
∂L

∂yα
yα − L. (2.6)

¿From (2.3), (2.4), (2.5) and (2.6), it follows that

iSXωL = −S∗(iXωL), i∆ωL = −S∗(dEL), (2.7)

for X ∈ Sec(T EE).
On the other hand, the vertical distribution is isotropic with respect to ωL,

see [37]. This fact implies that the contraction of ωL with a vertical vector is a
semibasic form. This property allows us to define a symmetric 2-tensor GL along
τ by

GL

a(b, c) = ωL(b̃, cV

a ), (2.8)

where b̃ is any element in T E
a E which projects to b, i.e., T τ(b̃) = b, and a ∈ E. In

coordinates GL = Wαβe
α ⊗ eβ , where the matrix Wαβ is given by

Wαβ =
∂2L

∂yα∂yβ
. (2.9)
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It is easy to see that the Lagrangian L is regular if and only the matrix W is regular
at every point, that is if the tensor GL is regular at every point. By the kernel of
GL at a point a we mean the vector space

KerGL

a = { b ∈ Eτ(a) |G
L

a(b, c) = 0 for all c ∈ Eτ(a) }.

In the case of a regular Lagrangian, the Cartan 2-section ωL is symplectic (non-
degenerate and d-closed) and the vertical subbundle is Lagrangian. It follows that a
1-form is semi-basic if and only if it is the contraction of ωL with a vertical element.

In addition, if ΓL is the solution of the dynamical equations (2.2) then, using
(2.7), we deduce that

iSΓL
ωL = i∆ωL

which implies that ΓL is a sode section, that is, it satisfies S(ΓL) = ∆, or alterna-
tively T τ(ΓL(a)) = a for every a ∈ E.

In coordinates, a sode Γ is a section of the form

Γ = yαXα + fαVα.

The sode Γ is a solution of the Euler-Lagrange equations if and only if the functions
fα satisfy the linear equations

∂2L

∂yβ∂yα
fβ +

∂2L

∂xi∂yα
ρi

βy
β +

∂L

∂yγ
Cγ

αβy
β − ρi

α

∂L

∂xi
= 0, for all α. (2.10)

The Euler-Lagrange differential equations are the differential equations for
the integral curves of the vector field ρ1(Γ), where the section Γ is the solution of
the Euler-Lagrange equations. Thus, these equations may be written as

ẋi = ρi
αy

α,
d

dt
(
∂L

∂yα
) − ρi

α

∂L

∂xi
+
∂L

∂yγ
Cγ

αβy
β = 0.

In other words, if δL : Adm(E) → E∗ is the Euler-Lagrange operator, which
locally reads

δL = (
d

dt
(
∂L

∂yα
) + Cγ

αβy
β ∂L

∂yγ
− ρi

α

∂L

∂xi
)eα,

where {eα} is the dual basis of {eα}, then the Euler-Lagrange differential equations
read

δL = 0.

Finally, we mention that the complete lift σC of a section σ ∈ Sec(E) is the
section of T EE characterized by the two following properties:

(1) projects to σ, i.e., T τ ◦ σC = σ ◦ τ ,

(2) dσC µ̂ = d̂σµ,

where by α̂ ∈ C∞(E) we denote the linear function associated to a 1-section α ∈
Sec(E∗).

3. Linearly constrained Lagrangian systems

Nonholonomic systems on Lie algebroids were introduced in [18]. This class of
systems includes, as particular cases, standard nonholonomic systems defined on
the tangent bundle of a manifold and systems obtained by the reduction of the
action of a symmetry group. The situation is similar to the non-constrained case,
where the general equation δL = 0 comprises as particular cases the standard
Lagrangian Mechanics, Lagrangian Mechanics with symmetry, Lagrangian systems
with holonomic constraints, systems on semi-direct products and systems evolving
on Lie algebras, see e.g. [43].

We start with a free Lagrangian system on a Lie algebroid E. As mentioned
above, these two objects can describe a wide class of systems. Now, we plug in
some nonholonomic linear constraints described by a subbundle D of the bundle
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E of admissible directions. If we impose to the solution curves a(t) the condition
to stay on the manifold D, we arrive at the equations δLa(t) = λ(t) and a(t) ∈ D,
where the constraint force λ(t) ∈ E∗

τ(a(t)) is to be determined. In the tangent bundle

geometry case (E = TM), the d’Alembert principle establishes that the mechanical
work done by the constraint forces vanishes, which implies that λ takes values in
the annihilator of the constraint manifold D. Therefore, in the case of a general
Lie algebroid, the natural equations one should pose are (see [18])

δLa(t) ∈ D◦
τ(a(t)) and a(t) ∈ D.

In more explicit terms, we look for curves a(t) on E such that

– they are admissible, ρ(a(t)) = ṁ(t), where m = τ ◦ a,
– they stay in D, a(t) ∈ Dm(t),
– there exists λ(t) ∈ D◦

m(t) such that δLa(t) = λ(t).

If a(t) is one of such curves, then (a(t), ȧ(t)) is a curve in T EE. Moreover,
since a(t) is in D, we have ȧ(t) is tangent to D, that is, (a(t), ȧ(t)) ∈ T DD.
Under some regularity conditions (to be made precise later on), we may assume
that the above curves are integral curves of a section Γ, which as a consequence
will be a sode section taking values in T DD. Based on these arguments, we may
reformulate geometrically our problem as the search for a sode Γ (defined at least

on a neighborhood of D) satisfying (iΓωL − dEL)a ∈ D̃◦
τ(a) and Γ(a) ∈ T DD, at

every point a ∈ D. In the above expression D̃◦ is the pullback of D◦ to T EE, that

is, α ∈ D̃◦
a if and only if there exists λ ∈ D◦

τ(a) such that α = λ ◦ Taτ .

Definition 3.1. A nonholonomically constrained Lagrangian system on a Lie
algebroid E is a pair (L,D), where L is a smooth function on E, the Lagrangian,
and i : D →֒ E is a smooth subbundle of E, known as the constraint subbundle.
By a solution of the nonholonomically constrained Lagrangian system (L,D) we
mean a section Γ ∈ T EE which satisfies the Lagrange-d’Alembert equations

(iΓωL − dEL)|D ∈ Sec(D̃◦),

Γ|D ∈ Sec(T DD).
(3.1)

With a slight abuse of language, we will interchangeably refer to a solution of the
constrained Lagrangian system as a section or the collection of its corresponding
integral curves. The restriction of the projection τ : E → M to D will be denoted
by π, that is, π = τ |D : D →M .

Remark 3.2. We want to stress that a solution of the Lagrange-d’Alembert equa-
tions needs to be defined only over D, but for practical purposes we consider it
extended to E (or just to a neighborhood of D in E). We will not make any no-
tational distinction between a solution on D and any of its extensions. Solutions
which coincide on D will be considered as equal. See [26, 34] for a more in-depth
discussion. In accordance with this convention, by a sode on D we mean a section
of T DD which is the restriction to D of some sode defined in a neighborhood of
D. Alternatively, a sode on D is a section Γ of T DD such that T τ(Γ(a)) = a for
every a ∈ D. ⋄
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The different spaces we will consider are shown in the following commutative
diagram

TM TM

D

ρD

OO

i // E

ρ

OO

TD

Tπ

DD

















τD

##FFFFFFFFF T DD

T π

OO

I //

πD
D

��

ρ1

oo T EE

T τ

OO

τE
E

��

ρ1

// TE

Tτ

YY4444444444444444

τE

||xx
xx

xx
xx

x

D
i //

π

��

E

τ

��
M M

where I = T ii is the canonical inclusion of T DD into T EE.
As an intermediate space in our analysis of the regularity of the constrained

systems, we will also consider T ED, the E-tangent to D. The main difference
between T ED and T DD is that the former has a natural Lie algebroid structure
while the later does not.

Example 3.3. Let G : E ×M E → R be a bundle metric on E. The Levi-Civita

connection ∇G is determined by the formula

2G(∇G
ση, ζ) = ρ(σ)(G(η, ζ)) + ρ(η)(G(σ, ζ)) − ρ(ζ)(G(η, σ))

+ G(σ, [ζ, η]) + G(η, [ζ, σ]) − G(ζ, [η, σ]),

for σ, η, ζ ∈ Sec(E). The coefficients of the connection ∇G are given by

Γα
βγ =

1

2
Gαν([ν, β; γ] + [ν, γ;β] + [β, γ; ν]),

where Gαν are the coefficients of the metric G, (Gαν) is the inverse matrix of (Gαν)
and

[α, β; γ] =
∂Gαβ

∂xi
ρi

γ + Cµ
αβGµγ .

Using the covariant derivate induced by ∇G , one may introduce the notion of a
geodesic of ∇G as follows. An admissible curve a : I → E is said to be a geodesic if
∇G

a(t)a(t) = 0, for all t ∈ I. In local coordinates, the conditions for being a geodesic

read
daγ

dt
+

1

2
(Γγ

αβ + Γγ
βα)aαaβ = 0, for all γ.

The geodesics are the integral curves of a SODE section Γ∇G of T EE, which is
locally given by

Γ∇G = yγXγ −
1

2
(Γγ

αβ + Γγ
βα)yαyβVγ .

Γ∇G is called the geodesic flow (for more details, see [18]).
The class of systems that were considered in detail in [18] is that of mechanical

systems with nonholonomic constraints1. The Lagrangian function L is of
mechanical type, i.e., it is of the form

L(a) =
1

2
G(a, a) − V (τ(a)), a ∈ E,

1In fact, in [18], we considered controlled mechanical systems with nonholonomic constraints,

that is, mechanical systems evolving on Lie algebroids and subject to some external control forces.
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with V a function on M .
The Euler-Lagrange section for the unconstrained system can be written as

ΓL = Γ∇G − (gradG V )V .

In this expression, by gradG V we mean the section of E such that 〈dV (m), a〉 =
G(gradG V (m), a), for all m ∈ M and all a ∈ Em, and where we remind that d is
the differential in the Lie algebroid. The Euler-Lagrange differential equations can
be written as

ẋi = ρi
αy

α,

ẏα = −
1

2

(
Γα

βγ + Γα
γβ

)
yβyγ − Gαβρi

β

∂V

∂xi
.

(3.2)

Alternatively, one can describe the dynamical behavior of the mechanical control
system by means of an equation on E via the covariant derivative. An admissible
curve a : t 7→ a(t) with base curve t 7→ m(t) is a solution of the system (3.2) if and
only if

∇G
a(t)a(t) + gradG V (m(t)) = 0. (3.3)

Note that

G(m(t))(∇G
a(t)a(t) + gradG V (m(t)), b) = δL(a(t))(b), for b ∈ Em(t).

If this mechanical control system is subject to the constraints determined by a
subbundle D of E, we can do the following. Consider the orthogonal decomposition
E = D ⊕D⊥, and the associated orthogonal projectors P : E → D, Q : E → D⊥.
Using the fact that G(P ·, ·) = G(·, P ·), one can write the Lagrange-d’Alembert
equations in the form

P (∇G
a(t)a(t)) + P (gradG V (m(t))) = 0, Q(a) = 0.

A specially well-suited form of these equations makes use of the constrained con-

nection ∇̌ defined by ∇̌ση = P (∇G
ση) + ∇G

σ(Qη). In terms of ∇̌, we can rewrite
this equation as ∇̌a(t)a(t) + P (gradG V (m(t))) = 0, Q(a) = 0, where we have used

the fact that the connection ∇̌ restricts to the subbundle D.
Moreover, following the ideas in [39], we proved in [18] that the subbundle D

is geodesically invariant for the connection ∇̌, that is, any integral curve of the
spray Γ∇̌ associated with ∇̌ starting from a point in D is entirely contained in D.
Since the terms coming from the potential V also belongs to D, we have that the
constrained equations of motion can be simply stated as

∇̌a(t)a(t) + P (gradG V (m(t))) = 0, a(0) ∈ D. (3.4)

Note that one can write the constrained equations of the motion as follows

ȧ(t) = ρ1(Γ∇̌(a(t)) − P (gradG V )v(a(t)))

and that the restriction to D of the vector field ρ1(Γ∇̌ − P (gradG V )v) is tangent
to D.

The coordinate expression of equations (3.4) is greatly simplified if we take a
basis {eα} = {ea, eA} of E adapted to the orthogonal decomposition E = D⊕D⊥,
i.e., D = span{ea}, D

⊥ = span{eA}. Denoting by (yα) = (ya, yA) the induced
coordinates, the constraint equations Q(a) = 0 just read yA = 0. The differential
equations of the motion are then

ẋi = ρi
ay

a,

ẏa = −
1

2

(
Γ̌a

bc + Γ̌a
cb

)
ybyc − Gabρi

b

∂V

∂xi
,

yA = 0,
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where Γ̌α
βγ are the connection coefficients of the constrained connection ∇̌. ⊳

In the above example the dynamics exists and is completely determined what-
ever the (linear) constraints are. As we will see later on, this property is lost in the
general case. Let us start by analyzing the form of the Lagrange-d’Alembert equa-
tions in local coordinates. Following the example above, we will choose a special
coordinate system adapted to the structure of the problem as follows. We consider
local coordinates (xi) on an open set U of M and we take a basis {ea} of local sec-
tions of D and complete it to a basis {ea, eA} of local sections of E (both defined
on the open U). In this way, we have coordinates (xi, ya, yA) on E. In this set of
coordinates, the constraints imposed by the submanifold D ⊂ E are simply yA = 0.
If {ea, eA} is the dual basis of {ea, eA}, then a basis for the annihilator D◦ of D is

{eA} and a basis for D̃◦ is XA.
An element z of T ED is of the form z = uαXα + zaVa = uaXa + uAXA + zaVa,

that is, the component VA vanishes since ρ1(z) is a vector tangent to the manifold
D with equations yA = 0. The projection of z to E is T τ(z) = uaea + uAeA, so
that the element z is in T DD if and only if uA = 0. In other words, an element in
T DD is of the form z = uaXa + zaVa.

Let us find the local expression of the Lagrange-d’Alembert equations in these
coordinates. We consider a section Γ such that Γ|D ∈ Sec(T DD), which is therefore
of the form Γ = gaXa + faVa. From the local expression (2.5) of the Cartan 2-form
and the local expression (2.6) of the energy function, we get

0 = 〈iΓωL − dEL,Vα〉 = −yB ∂2L

∂yα∂yB
− (yb − gb)

∂2L

∂yα∂yb
.

If we assume that the Lagrangian L is regular, when we evaluate at yA = 0, we
have that ga = ya and thus Γ is a sode. Moreover, contracting with Xa, after a
few calculations we get

0 = 〈iΓωL − dEL,Xa〉 = −

{
dΓ

(
∂L

∂ya

)
+
∂L

∂yγ
Cγ

aβy
β − ρi

a

∂L

∂xi

}
,

so that (again after evaluation at yA = 0), the functions fa are solution of the
linear equations

∂2L

∂yb∂ya
f b +

∂2L

∂xi∂ya
ρi

by
b +

∂L

∂yγ
Cγ

aby
b − ρi

a

∂L

∂xi
= 0, (3.5)

where all the partial derivatives of the Lagrangian are to be evaluated on yA = 0.
As a consequence, we get that there exists a unique solution of the Lagrange-

d’Alembert equations if and only if the matrix

Cab(x
i, yc) =

∂2L

∂ya∂yb
(xi, yc, 0) (3.6)

is regular. Notice that Cab is a submatrix of Wαβ , evaluated at yA = 0. The differ-
ential equations for the integral curves of the vector field ρ1(Γ) are the Lagrange-
d’Alembert differential equations, which read

ẋi = ρi
ay

a,

d

dt

(
∂L

∂ya

)
+
∂L

∂yγ
Cγ

aby
b − ρi

a

∂L

∂xi
= 0,

yA = 0.

(3.7)

Finally, notice that the contraction with XA just gives the components λA =
〈iΓωL − dEL,XA〉 |yA=0 of the constraint forces λ = λAe

A.
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Remark 3.4. In some occasions, it is useful to write the equations in the form

ẋi = ρi
ay

a,

d

dt

(
∂L

∂ya

)
+
∂L

∂yc
Cc

aby
b − ρi

a

∂L

∂xi
= −

∂L

∂yA
CA

aby
b,

yA = 0,

(3.8)

where, on the left-hand side of the second equation, all the derivatives can be
calculated from the value of the Lagrangian on the constraint submanifold D. In
other words, we can substitute L by the constrained Lagrangian Lc defined by
Lc(x

i, ya) = L(xi, ya, 0). ⋄

Remark 3.5. A particular case of this construction is given by constrained sys-
tems defined in the standard Lie algebroid τM : TM → M . In this case, the
equations (3.7) are the Lagrange-d’Alembert equations written in quasicoordinates,
where Cα

βγ are the so-called Hamel’s transpositional symbols, which obviously are

nothing but the structure coefficients (in the Cartan’s sense) of the moving frame
{eα}, see e.g. [23, 27]. ⋄

The following two results are immediate consequences of the above form of the
Lagrange-d’Alembert equations.

Theorem 3.6 (Conservation of energy). If (L,D) is a constrained Lagrangian
system and Γ is a solution of the dynamics, then dΓEL = 0 (on D).

Proof. Indeed, for every a ∈ D, we have Γ(a) ∈ T D
a D, so that T τ(Γ(a)) ∈ D.

Therefore iΓD̃◦ = 0 and contracting 0 = iΓ(iΓωL − dEL) = −dΓEL at every point
in D. �

Theorem 3.7 (Noether’s theorem). Let (L,D) be a constrained Lagrangian system
which admits a unique sode Γ solution of the dynamics. If σ is a section of D
such that there exists a function f ∈ C∞(M) satisfying

dσCL = ḟ ,

then the function F = 〈θL, σ
C〉 − f is a constant of the motion, that is, dΓF = 0

(on D).

Proof. Using that ΘL(Γ) = d∆(L), we obtain iσC (iΓωL − dEL) = iσC (−dΓΘL +
dL) = dσCL− dΓ 〈θL, σ

C〉 + ΘL[Γ, σC ] and, since [Γ, σC ] is vertical, we deduce

iσc(iΓωL − dEL) = dσcL− dΓ 〈θL, σ
C〉 .

Thus, taking into account that iσC D̃◦ = 0, we get 0 = dΓ(〈θL, σ
C〉−f) = −dΓF . �

4. Solution of Lagrange-d’Alembert equations

Assumption 4.1. In what follows, we will assume that the Lagrangian L is regular
at least in a neighborhood of D.

Let us now perform a precise global analysis of the existence and uniqueness of
the solution of Lagrange-d’Alembert equations.

Definition 4.2. A constrained Lagrangian system (L,D) is said to be regular if
the Lagrange-d’Alembert equations have a unique solution.

In order to characterize geometrically those nonholonomic systems which are
regular, we define the tensor GL,D as the restriction of GL to D, that is, GL,D

a (b, c) =
GL

a(b, c) for every a ∈ D and every b, c ∈ Dτ(a). In coordinates adapted to D, we

have that the local expression of GL,D is GL,D = Cabe
a ⊗ eb where the matrix Cab is

given by equation (3.6).
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A second important geometric object is the subbundle F ⊂ T EE|D → D whose

fiber at the point a ∈ D is Fa = ω−1
L (D̃◦

τ(a)). More explicitly,

Fa = { z ∈ T E
a E | exists ζ ∈ D◦

τ(a) s.t. ωL(z, u) = 〈ζ, T τ(u)〉 for all u ∈ T E
a E }.

¿From the definition, it is clear that the rank of F is rank(F ) = rank(D◦) =
rank(E) − rank(D).

Finally, we also consider the subbundle (T DD)⊥ ⊂ T EE|D → D, the orthog-
onal to T DD with respect to the symplectic form ωL. The rank of (T DD)⊥ is
rank(T DD)⊥ = rank(T EE) − rank(T DD) = 2(rank(E) − rank(D)) = 2 rank(D◦).

The relation among these three objects is described by the following result.

Lemma 4.3. The following properties are satisfied:

(1) The elements in F are vertical. An element ξV (a, b) ∈ Fa if and only if
GL

a(b, c) = 0 for all c ∈ Dτ(a).

(2) (T DD)⊥ ∩ Ver(T EE) = F .

Proof. (1) The elements in F are vertical because the elements in D̃◦ are semi-basic.
If ξV (a, b) ∈ Fa then there exists ζ ∈ D◦

τ(a) such that ωL(ξV (a, b), u) = 〈ζ, T τ(u)〉

for all u ∈ T E
a E. In terms of GL and writing c = T τ(u), the above equation

reads −GL
a(b, c) = 〈ζ, c〉. By taking u ∈ T τ−1(D), then c is in D and therefore

GL
a(b, c) = 0 for all c ∈ Dτ(a). Conversely, if GL

a(b, c) = 0 for all c ∈ Dτ(a), then
the 1-form ζ = −GL

a(b, ) is in D◦
τ(a). Therefore ωL(ξV (a, b), u) = −GL

a(b, T τ(u)) =

〈ζ, T τ(u)〉), which is the condition for ξV (a, b) ∈ Fa.
(2) The condition for a vertical element ξV (a, b) to be in (T DD)⊥ is ωL(ξV (a, b), w) =
0 for all w ∈ T D

a D, or equivalently, GL
a(b, T τ(w)) = 0. The vector c = T τ(w) is an

arbitrary element of Dτ(a), so that the above condition reads GL
a(b, c) = 0, for all

c ∈ Dτ(a), which is precisely the condition for ξV (a, b) to be in Fa. �

Theorem 4.4. The following properties are equivalent:

(1) The constrained Lagrangian system (L,D) is regular,
(2) KerGL,D = {0},
(3) T ED ∩ F = {0},
(4) T DD ∩ (T DD)⊥ = {0}.

Proof. [(1)⇔(2)] The equivalence between the first two conditions is clear from the
local form of the Lagrange-d’Alembert equations (3.5), since the coefficients of the
unknowns fa are precisely the components (3.6) of GL,D.

[(2)⇔(3)] (⇒) Let a ∈ D and consider an element z ∈ T E
a D ∩ Fa. Since the

elements of F are vertical, we have z = ξV (a, b) for some b ∈ Eτ(a). Moreover, z ∈

T E
a D implies that b is an element in Dτ(a). On the other hand, if z = ξV (a, b) is in
Fa, then Lemma 4.3 implies that GL

a(b, c) = 0 for all c ∈ Dτ(a). Thus GL,D
a (b, c) = 0

for all c ∈ Dτ(a), from where b = 0, and hence z = 0.
(⇐) Conversely, if for some a ∈ D, there exists b ∈ KerGL,D

a with b 6= 0 then,
using Lemma 4.3, we deduce that z = ξV (a, b) ∈ T E

a D ∩ Fa and z 6= 0.
[(2)⇔(4)] (⇒) Let a ∈ D and consider an element v ∈ T D

a D ∩ (T D
a D)⊥, that

is, ωL(v, w) = 0 for all w ∈ T D
a D. If we take w = ξV (a, b) for b ∈ Dτ(a) arbitrary,

then we have ωL(v, ξV (a, b)) = GL,D
a (T τ(v), b) = 0 for all b ∈ Dτ(a), from where it

follows that T τ(v) = 0. Thus v is vertical, v = ξV (a, c), for some c ∈ D and then
ωL(ξV (a, c), w) = −GL,D

a (c, T τ(w)) = 0 for all w ∈ T D
a D. Therefore c = 0 and

hence v = 0.
(⇐) Conversely, if for some a ∈ D, there exists b ∈ KerGL,D

a with b 6= 0, then
0 6= ξV (a, b) ∈ T D

a D ∩ (T D
a D)⊥, because ωL(ξV (a, b), w) = GL,D(b, T τ(w)) = 0 for

all w ∈ T D
a D. �



NONHOLONOMIC LAGRANGIAN SYSTEMS ON LIE ALGEBROIDS 15

In the case of a constrained mechanical system, the tensor GL is given by
GL

a(b, c) = Gτ(a)(b, c), so that it is positive definite at every point. Thus the re-
striction to any subbundle D is also positive definite and hence regular. Thus,
nonholonomic mechanical systems are always regular.

Proposition 4.5. Conditions (3) and (4) in Theorem 4.4 are equivalent, respec-
tively, to

(3’) T EE|D = T ED ⊕ F ,
(4’) T EE|D = T DD ⊕ (T DD)⊥.

Proof. The equivalence between (4) and (4’) is obvious, since we are assuming that
the free Lagrangian is regular, i.e., ωL is symplectic. The equivalence of (3) and
(3’) follows by computing the dimension of the corresponding spaces. The ranks of
T EE, T ED and F are

rank(T EE) = 2 rank(E),

rank(T ED) = rank(E) + rank(D),

rank(F ) = rank(D◦) = rank(E) − rank(D).

Thus rank(T EE) = rank(T ED) + rank(F ), and the result follows. �

4.1. Projectors. We can express the constrained dynamical section in terms of
the free dynamical section by projecting to the adequate space, either T ED or
T DD, according to each of the above decompositions of T EE|D. Of course, both
procedures give the same result.

Projection to T ED. Assuming that the constrained system is regular, we have a
direct sum decomposition

T E
a E = T E

a D ⊕ Fa,

for every a ∈ D, where we recall that the subbundle F ⊂ T ED is defined by

F = ω−1
L (D̃◦), or equivalently D̃◦ = ωL(F ).

Let us denote by P and Q the complementary projectors defined by this decom-
position, that is,

Pa : T E
a E → T E

a D and Qa : T E
a E → Fa, for all a ∈ D.

Then we have,

Theorem 4.6. Let (L,D) be a regular constrained Lagrangian system and let ΓL

be the solution of the free dynamics, i.e., iΓL
ωL = dEL. Then the solution of the

constrained dynamics is the sode Γ obtained by projection Γ = P (ΓL|D).

Proof. Indeed, if we write Γ(a) = ΓL(a) −Q(ΓL(a)) for a ∈ D, then we have

iΓ(a)ωL − dEL(a) = iΓL(a)ωL − iQ(ΓL(a))ωL − dEL(a) = −iQ(ΓL(a))ωL ∈ D̃◦
τ(a),

which is an element of D̃◦
τ(a) because Q(ΓL(a)) is in Fa. Moreover, since ΓL is a

sode and Q(ΓL) is vertical (since it is in F ), we have that Γ is also a sode. �

We consider adapted local coordinates (xi, ya, yA) corresponding to the choice of
an adapted basis of sections {ea, eA}, where {ea} generate D. The annihilator D◦

of D is generated by {eA}, and thus D̃◦ is generated by {XA}. A simple calculation
shows that a basis {ZA} of local sections of F is given by

ZA = VA −Qa
AVa, (4.1)

where Qa
A = WAbC

ab and Cab are the components of the inverse of the matrix Cab

given by equation (3.6). The local expression of the projector over F is then

Q = ZA ⊗ VA.
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If the expression of the free dynamical section ΓL in this local coordinates is

ΓL = yαXα + fαVα,

(where fα are given by equation (2.10)), then the expression of the constrained
dynamical section is

Γ = yaXa + (fa + fAQa
A)Va,

where all the functions fα are evaluated at yA = 0.

Projection to T DD. We have seen that the regularity condition for the constrained
system (L,D) can be equivalently expressed by requiring that the subbundle T DD
is a symplectic subbundle of (T EE,ωL). It follows that, for every a ∈ D, we have
a direct sum decomposition

T E
a E = T D

a D ⊕ (T D
a D)⊥.

Let us denote by P̄ and Q̄ the complementary projectors defined by this decompo-
sition, that is,

P̄a : T E
a E → T D

a D and Q̄a : T E
a E → (T D

a D)⊥, for all a ∈ D.

Then, we have the following result:

Theorem 4.7. Let (L,D) be a regular constrained Lagrangian system and let ΓL

be the solution of the free dynamics, i.e., iΓL
ωL = dEL. Then the solution of the

constrained dynamics is the sode Γ obtained by projection Γ = P̄ (ΓL|D).

Proof. From Theorem 4.6 we have that the solution Γ of the constrained dy-
namics is related to the free dynamics by ΓL|D = Γ + Q(ΓL|D). Let us prove
that Q(ΓL|D) takes values in (T DD)⊥. Indeed, Q(ΓL|D) takes values in F =
(T DD)⊥ ∩ Ver(T EE), so that, in particular, it takes values in (T DD)⊥. Thus,
since Γ is a section of T DD, it follows that ΓL|D = Γ+Q(ΓL|D) is a decomposition
of ΓL|D according to T EE|D = T DD⊕ (T DD)⊥, which implies Γ = P̄ (ΓL|D). �

In adapted coordinates, a local basis of sections of (T DD)⊥ is {YA, ZA}, where
the sections ZA are given by (4.1) and the sections YA are

YA = XA −Qa
AXa + Cbc(MAb −MabQ

a
A)Vc,

with Mαβ = ωL(Xα,Xβ). Therefore the expression of the projector onto (T DD)⊥

is

Q̄ = ZA ⊗ VA + YA ⊗XA.

Note that S(YA) = ZA.

4.2. The distributional approach. The equations for the Lagrange-d’Alembert
section Γ can be entirely written in terms of objects in the manifold T DD. Recall
that T DD is not a Lie algebroid. In order to do this, define the 2-section ωL,D

as the restriction of ωL to T DD. If (L,D) is regular, then T DD is a symplectic
subbundle of (T EE,ωL). From this, it follows that ωL,D is a symplectic section on
that bundle. We also define εL,D to be the restriction of dEL to T DD. Then, taking
the restriction of Lagrange-d’Alembert equations to T DD, we get the following
equation

iΓω
L,D = εL,D, (4.2)

which uniquely determines the section Γ. Indeed, the unique solution Γ of the above
equations is the solution of Lagrange-d’Alembert equations: if we denote by λ the
constraint force, we have for every u ∈ T D

a D that

ωL(Γ(a), u) − 〈dEL(a), u〉 = 〈λ(a), T τ(u)〉 = 0,

where we have taken into account that T τ(u) ∈ D and λ(a) ∈ D◦.



NONHOLONOMIC LAGRANGIAN SYSTEMS ON LIE ALGEBROIDS 17

This approach, the so called distributional approach, was initiated by Bocha-
rov and Vinogradov (see [59]) and further developed by Śniatycki and coworkers [2,
22, 55]. Similar equations, within the framework of Lie algebroids, are the base of
the theory proposed in [49].

Remark 4.8. One can also consider the restriction to T ED, which is a Lie alge-
broid, but no further simplification is achieved by this. If ω̄ is the restriction of
ωL to T ED and ε̄ is the restriction of dEL to T ED, then the Lagrange-d’Alembert
equations can be written in the form iΓω̄ − ε̄ = λ̄, where λ̄ is the restriction of the
constraint force to T ED, which, in general, does not vanish. Also notice that the
2-form ω̄ is closed but, in general, degenerated. ⋄

4.3. The nonholonomic bracket. Let f, g be two smooth functions on D and
take arbitrary extensions to E denoted by the same letters (if there is no possibility
of confusion). Suppose that Xf and Xg are the Hamiltonian sections on T EE given
respectively by

iXf
ωL = df and iXg

ωL = dg.

We define the nonholonomic bracket of f and g as follows:

{f, g}nh = ωL(P̄ (Xf ), P̄ (Xg)). (4.3)

Note that if f ′ is another extension of f , then (Xf −Xf ′)|D is a section of (T DD)⊥

and, thus, we deduce that (4.3) does not depend on the chosen extensions. The
nonholonomic bracket is an almost-Poisson bracket, i.e., it is skew-symmetric, a
derivation in each argument with respect to the usual product of functions and
does not satisfy the Jacobi identity.

In addition, one can prove the following formula

ḟ = {f,EL}nh. (4.4)

Indeed, we have

ḟ = dΓf = iΓdf = iΓiXf
ωL

= ωL(Xf ,Γ) = ωL(Xf , P̄ (ΓL))

= ωL(P̄ (Xf ), P̄ (ΓL)) = {f,EL}nh.

Equation (4.4) implies once more the conservation of the energy (by the skew-
symmetric character of the nonholonomic bracket).

Alternatively, since T DD is an anchored vector bundle, one can take the function
f ∈ C∞(D) and its differential d̄f ∈ Sec((T DD)∗). Since ωL,D is regular, we have a
unique section X̄f ∈ Sec(T DD) defined by iX̄f

ωL,D = d̄f . Then the nonholonomic

bracket of two functions f and g is {f, g}nh = ωL,D(X̄f , X̄g). Note that if f̃ ∈
C∞(E) (resp. g̃ ∈ C∞(E)) is an extension to E of f (resp., g), then X̄f = P̄ (Xf̃ )|D
(resp., X̄g = P̄ (Xg̃)|D).

5. Morphisms and reduction

One important advantage of dealing with Lagrangian systems evolving on Lie
algebroids is that the reduction procedure can be naturally handled by considering
morphisms of Lie algebroids, as it was already observed by Weinstein [60]. We
study in this section the transformation laws of the different geometric objects in
our theory and we apply these results to the study of the reduction theory.

Proposition 5.1. Let Φ: E → E′ be a morphism of Lie algebroids, and consider
the Φ-tangent prolongation of Φ, i.e T ΦΦ: T EE → T E′

E′. Let ξV and ξ′V , S
and S′, and ∆ and ∆′, be the vertical liftings, the vertical endomorphisms and the
Liouville sections on E and E′, respectively. Then,
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(1) T ΦΦ(ξV (a, b)) = ξ′V (Φ(a),Φ(b)), for all (a, b) ∈ E ×M E,
(2) T ΦΦ ◦ ∆ = ∆′ ◦ Φ,
(3) T ΦΦ ◦ S = S′ ◦ T ΦΦ.

Proof. For the first property, we notice that both terms are vertical, so that we
just have to show that their action on functions coincide. For every function f ′ ∈
C∞(E′), we have

ρ′1(T ΦΦ(ξV (a, b)))f ′ = TΦ(ρ1(ξV (a, b)))f ′ = TΦ(bV

a )f ′ = bV

a (f ′ ◦ Φ)

=
d

dt
f ′(Φ(a+ tb))

∣∣∣
t=0

=
d

dt
f ′(Φ(a) + tΦ(b))

∣∣∣
t=0

= Φ(b)V

Φ(a)(f
′) = ρ′1(ξ′V (Φ(a),Φ(b)))f ′.

For the second property, we have ∆(a) = ξV (a, a) so that applying the first property
we have

T ΦΦ(∆(a)) = T ΦΦ(ξV (a, a)) = ξ′V (Φ(a),Φ(a)) = ∆′(Φ(a)).

Finally, for any z = (a, b, V ) ∈ T EE, we have

T ΦΦ(S(z)) = T ΦΦ(ξV (a, b)) = ξ′V (Φ(a),Φ(b))

= S′(Φ(a),Φ(b), TΦ(V )) = S′(T ΦΦ(z)),

which concludes the proof. �

Proposition 5.2. Let L ∈ C∞(E) be a Lagrangian function, θL the Cartan form
and ωL = −dθL. Let Φ: E → E′ be a Lie algebroid morphism and suppose that
L = L′ ◦ Φ, with L′ ∈ C∞(E′) a Lagrangian function. Then, we have

(1) (T ΦΦ)⋆θL′ = θL,
(2) (T ΦΦ)⋆ωL′ = ωL,
(3) (T ΦΦ)⋆EL′ = EL,
(4) GL′

φ(a)(Φ(b),Φ(c)) = GL
a(b, c), for every a ∈ E and every b, c ∈ Eτ(a).

Proof. Indeed, for every Z ∈ T EE we have
〈
(T ΦΦ)⋆θL′ , Z

〉
=
〈
θL′ , T ΦΦ(Z)

〉
=
〈
dL′, S′(T ΦΦ(Z))

〉
=
〈
dL′, T ΦΦ(S(Z))

〉

=
〈
(T ΦΦ)⋆dL′, S(Z)

〉
=
〈
d(T ΦΦ)⋆L′, S(Z)

〉
= 〈d(L′ ◦ Φ), S(Z)〉

= 〈dL, S(Z)〉 = 〈θL, Z〉 ,

where we have used the transformation rule for the vertical endomorphism. The
second property follows from the fact that T ΦΦ is a morphism, so that (T ΦΦ)⋆d =
d(T ΦΦ)⋆. The third one follows similarly and the fourth is a consequence of the
second property and the definitions of the tensors GL and GL′

. �

Let Γ be a sode and L ∈ C∞(E) be a Lagrangian. For convenience, we define
the 1-form δΓL ∈ Sec((T EE)∗) by

〈δΓL,Z〉 = 〈dEL − iΓωL, Z〉 = 〈dEL, Z〉 − ωL(Γ, Z),

for every section Z of T EE. We notice that Γ is the solution of the free dynamics
if and only if δΓL = 0. On the other hand, notice that the 1-form δΓL is semibasic,
because Γ is a sode.

Proposition 5.3. Let Γ be a sode in E and Γ′ a sode in E′. Let L ∈ C∞(E)
and L′ ∈ C∞(E′) be Lagrangian functions defined on E and E′, respectively, such
that L = L′ ◦ Φ. Then,

〈
δΓL− (T ΦΦ)⋆δΓ′L′, Z

〉
= ωL′(Γ′ ◦ Φ − T ΦΦ ◦ Γ, T ΦΦ(Z)), (5.1)

for every section Z of T EE.
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Proof. Indeed, from (T ΦΦ)⋆dEL′ = dEL, we have that
〈
δΓL− (T ΦΦ)⋆δΓ′L′, Z

〉
=
〈
(T ΦΦ)⋆iΓ′ωL′ − iΓωL, Z

〉

=
〈
(T ΦΦ)⋆iΓ′ωL′ − iΓ(T ΦΦ)⋆ωL′ , Z

〉

= ωL′(Γ′ ◦ Φ − T ΦΦ ◦ Γ, T ΦΦ(Z)),

which concludes the proof. �

5.1. Reduction of the free dynamics. Here, we build on Propositions 5.2 and 5.3
to identify conditions under which the dynamics can be reduced under a morphism
of Lie algebroids. We first notice that, from Proposition 5.2, if Φ is fiberwise surjec-
tive morphism and L is a regular Lagrangian on E, then L′ is a regular Lagrangian
on E′ (note that T ΦΦ : T EE → T E′

E′ is a fiberwise surjective morphism). Thus,
the dynamics of both systems is uniquely defined.

Theorem 5.4 (Reduction of the free dynamics). Suppose that the Lagrangian func-
tions L and L′ are Φ-related, that is, L = L′ ◦Φ. If Φ is a fiberwise surjective mor-
phism and L is a regular Lagrangian then L′ is also a regular Lagrangian. Moreover,
if ΓL and ΓL′ are the solutions of the free dynamics defined by L and L′ then

T ΦΦ ◦ ΓL = ΓL′ ◦ Φ.

Therefore, if a(t) is a solution of the free dynamics defined by L, then Φ(a(t)) is a
solution of the free dynamics defined by L′.

Proof. If ΓL and ΓL′ are the solutions of the dynamics, then δΓL
L = 0 and δΓL′L

′ =
0 so that the left-hand side in equation (5.1) vanishes. Thus

ωL′(ΓL′ ◦ Φ − T ΦΦ ◦ ΓL, T
ΦΦ(Z)) = 0,

for every Z ∈ Sec(T EE). Therefore, using that L′ is regular and the fact that T ΦΦ
is a fiberwise surjective morphism, we conclude the result. �

We will say that the unconstrained dynamics ΓL′ is the reduction of the un-

constrained dynamics ΓL by the morphism Φ.

5.2. Reduction of the constrained dynamics. The above results about reduc-
tion of unconstrained Lagrangian systems can be easily generalized to nonholonomic
constrained Lagrangian systems whenever the constraints of one system are mapped
by the morphism to the constraints of the second system. Let us elaborate on this.

Let (L,D) be a constrained Lagrangian system on a Lie algebroid E and let
(L′,D′) be another constrained Lagrangian system on a second Lie algebroid E′.
Along this section, we assume that there is a fiberwise surjective morphism of Lie
algebroids Φ: E → E′ such that L = L′ ◦ Φ and Φ(D) = D′. The latter condition
implies that the base map is also surjective, so that we will assume that Φ is an
epimorphism (i.e., in addition to being fiberwise surjective, the base map ϕ is a
submersion).

As a first consequence, we have GL′,D′

Φ(a) (Φ(b),Φ(c)) = GL,D
a (b, c), for every a ∈ D

and every b, c ∈ Dπ(a), and therefore, if (L,D) is regular, then so is (L′,D′).

Lemma 5.5. With respect to the decompositions T EE|D = T ED⊕F and T E′

E′|D′ =

T E′

D′ ⊕ F ′, we have the following properties:

(1) T ΦΦ(T ED) = T E′

D′,
(2) T ΦΦ(F ) = F ′,
(3) If P,Q and P ′, Q′ are the projectors associated with (L,D) and (L′,D′),

respectively, then P ′ ◦ T ΦΦ = T ΦΦ ◦ P and Q′ ◦ T ΦΦ = T ΦΦ ◦Q.

With respect to the decompositions T EE|D = T DD ⊕ (T DD)⊥ and T E′

E′|D′ =

T D′

D′ ⊕ (T D′

D′)⊥ we have the following properties:
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(4) T ΦΦ(T DD) = T D′

D′,

(5) T ΦΦ
(
(T DD)⊥

)
= (T D′

D′)⊥,

(6) If P̄ , Q̄ and P̄ ′, Q̄′ are the projectors associated with (L,D) and (L′,D′),
respectively, then P̄ ′ ◦ T ΦΦ = T ΦΦ ◦ P̄ and Q̄′ ◦ T ΦΦ = T ΦΦ ◦ Q̄.

Proof. From the definition of T ΦΦ, it follows that

(T ΦΦ)(T ED) ⊆ T E′

D′, (T ΦΦ)(T DD) ⊆ T D′

D′.

Thus, one may consider the vector bundle morphisms

T ΦΦ : T ED → T E′

D′, T ΦΦ : T DD → T D′

D′.

Moreover, using that Φ is fiberwise surjective and that ϕ is a submersion, we deduce
that the rank of the above morphisms is maximum. This proves (1) and (4).

The proof of (5) is as follows. For every a′ ∈ D′, one can choose a ∈ D such that

Φ(a) = a′, and one can write any element w′ ∈ T D′

a′ D′ as w′ = T ΦΦ(w) for some

w ∈ T D
a D. Thus, if z ∈ (T D

a D)⊥, for every w′ ∈ T D′

a′ D′ we have

ωL′(T ΦΦ(z), w′) = ωL′(T ΦΦ(z), T ΦΦ(w)) = ωL(z, w) = 0,

from where it follows that T ΦΦ(z) ∈ (T D′

D′)⊥. In a similar way, using that

T ΦΦ : (T EE)|D → (T E′

E′)|D′ is fiberwise surjective, (2) in Proposition 5.2 and

(4), we obtain that (T D′

D′)⊥ ⊆ (T ΦΦ)((T DD)⊥).
For the proof of (2) we have that

T ΦΦ(F ) = T ΦΦ((T DD)⊥ ∩ Ver(T EE)) ⊆ (T D′

D′)⊥ ∩ Ver(T E′

E′) = F ′.

Thus, using that T ΦΦ : (T EE)|D → (T E′

E′)|D′ is fiberwise surjective, the fact

that (T EE)|D = T ED ⊕ F and (1), it follows that

(T E′

E′)|D′ = T E′

D′ ⊕ (T ΦΦ)(F ).

Therefore, since (T E′

E′)|D′ = T E′

D′ ⊕ F ′, we conclude that (2) holds.
Finally, (3) is an immediate consequence of (1) and (2), and similarly, (6) is an

immediate consequence of (4) and (5). �

¿From the properties above, we get the following result.

Theorem 5.6 (Reduction of the constrained dynamics). Let (L,D) be a regular
constrained Lagrangian system on a Lie algebroid E and let (L′,D′) be a constrained
Lagrangian system on a second Lie algebroid E′. Assume that a fiberwise surjective
morphism of Lie algebroids Φ: E → E′ exists such that L = L′ ◦Φ and Φ(D) = D′.
If Γ is the constrained dynamics for L and Γ′ is the constrained dynamics for L′,
then T ΦΦ◦Γ = Γ′◦Φ. If a(t) is a solution of Lagrange-d’Alembert differential equa-
tions for L, then Φ(a(t)) is a solution of Lagrange-d’Alembert differential equations
for L′.

Proof. For the free dynamics, we have that T ΦΦ ◦ ΓL = ΓL′ ◦ Φ. Moreover, from
property (3) in Lemma 5.5, for every a ∈ D, we have that

T ΦΦ(Γ(a)) = T ΦΦ(P (ΓL(a))) = P ′(T ΦΦ(ΓL(a))) = P ′(ΓL′(Φ(a))) = Γ′(Φ(a)),

which concludes the proof. �

We will say that the constrained dynamics Γ′ is the reduction of the con-

strained dynamics Γ by the morphism Φ.
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Theorem 5.7. Under the same hypotheses as in Theorem 5.6, we have that

{f ′ ◦ Φ, g′ ◦ Φ}nh = {f ′, g′}nh ◦ Φ,

for f ′, g′ ∈ C∞(D′), where {·, ·}nh (respectively, {·, ·}′nh) is the nonholonomic
bracket for the constrained system (L,D) (respectively, (L′,D′)). In other words,
Φ : D → D′ is an almost-Poisson morphism.

Proof. Using (2) in Proposition 5.2 and the fact that Φ is a Lie algebroid morphism,
we deduce that

(iXf′◦Φ
(T ΦΦ)∗ωL′) = iXf′ωL′ ◦ Φ.

Thus, since T ΦΦ is fiberwise surjective, we obtain that

T ΦΦ ◦Xf ′◦Φ = Xf ′ ◦ Φ.

Now, from (4.3) and Lemma 5.5, we conclude that

{f ′ ◦ Φ, g′ ◦ Φ}nh = {f ′, g′}′nh ◦ Φ.

�

One of the most important cases in the theory of reduction is the case of reduction
by a symmetry group. In this respect, we have the following result.

Theorem 5.8 ([37, 42]). Let qQ
G : Q→M be a principal G-bundle, let τ : E → Q be

a Lie algebroid, and assume that we have an action of G on E such that the quotient
vector bundle E/G is well-defined. If the set Sec(E)G of equivariant sections of E
is a Lie subalgebra of Sec(E), then the quotient E′ = E/G has a canonical Lie
algebroid structure over M such that the canonical projection qE

G : E → E/G, given
by a 7→ [a]G, is a (fiberwise bijective) Lie algebroid morphism over qG

Q.

As a concrete example of application of the above theorem, we have the well-
known case of the Atiyah or Gauge algebroid. In this case, the Lie algebroid E is
the standard Lie algebroid TQ → Q, the action is by tangent maps gv ≡ Tψg(v),
the reduction is the Atiyah Lie algebroid TQ/G → Q/G and the quotient map

qTQ
G : TQ → TQ/G is a Lie algebroid epimorphism. It follows that if L is a G-

invariant regular Lagrangian on TQ then the unconstrained dynamics for L projects
to the unconstrained dynamics for the reduced Lagrangian L′. Moreover, if the
constraintsD are alsoG-invariant, then the constrained dynamics for (L,D) reduces
to the constrained dynamics for (L′,D/G).

On a final note, we mention that the pullback of the distributional equation
iΓ′ωL′,D′

− εL′,D′

= 0 by T ΦΦ is precisely (iΓω
L,D − εL,D) ◦ T ΦΦ = 0.

5.3. Reduction by stages. As a direct consequence of the results exposed above,
one can obtain a theory of reduction by stages. In Poisson geometry, reduction by
stages is a straightforward procedure. Given the fact that the Lagrangian counter-
part of Poisson reduction is Lagrangian reduction, it is not strange that reduction
by stages in our framework becomes also straightforward.

The Lagrangian theory of reduction by stages is a consequence of the following
basic observation:

Let Φ1 : E0 → E1 and Φ2 : E1 → E2 be a fiberwise surjective mor-
phisms of Lie algebroids and let Φ: E0 → E2 be the composition
Φ = Φ2 ◦Φ1. The reduction of a Lagrangian system in E0 by Φ can
be obtained by first reducing by Φ1 and then reducing the resulting
Lagrangian system by Φ2.
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This result follows using that T ΦΦ = T Φ2Φ2 ◦ T
Φ1Φ1. Based on this fact, one

can analyze one of the most interesting cases of reduction: the reduction by the
action of a symmetry group. We consider a group G acting on a manifold Q and a
closed normal subgroup N of G. The process of reduction by stages is illustrated
in the following diagram

·/GTotal reduction

��

τQ : E0 = TQ→M0 = Q

·/NFirst reduction

��
τ1 : E1 = TQ/N →M1 = Q/N

·/(G/N)Second reduction

��
τ2 : E2 = (TQ/N)/(G/N) →M2 = (Q/N)/(G/N)

In order to prove our results about reduction by stages, we have to prove that
E0, E1 and E2 are Lie algebroids, that the quotient maps Φ1 : E0 → E1, Φ2 : E1 →
E2 and Φ: E0 → E2 are Lie algebroids morphisms and that the composition Φ1◦Φ2

equals to Φ. Our proof is based on the following well-known result (see [14]), which
contains most of the ingredients in the theory of reduction by stages.

Theorem 5.9 ([14]). Let qQ
G : Q → M be a principal G-bundle and N a closed

normal subgroup of G. Then,

(1) qQ
N : Q→ Q/N is a principal N -bundle,

(2) G/N acts on Q/N by the rule [g]N [q]N = [gq]N ,

(3) q
Q/N
G/N : Q/N → (Q/N)/(G/N) is a principal (G/N)-bundle.

(4) The map i : Q/G→ (Q/N)/(G/N) defined by [q]G 7→ [[q]N ]G/N is a diffeo-
morphism.

Building on the previous results, one can deduce the following theorem, which
states that the reduction of a Lie algebroid can be done by stages.

Theorem 5.10. Let qQ
G : Q→M be a G-principal bundle and N be a closed normal

subgroup of G. Then,

(1) τTQ/G : TQ/G → Q/G is a Lie algebroid and qTQ
G : TQ → TQ/G is a Lie

algebroid epimorphism,

(2) τTQ/N : TQ/N → Q/N is a Lie algebroid and qTQ
N : TQ → TQ/N is a Lie

algebroid epimorphism,
(3) G/N acts on TQ/N by the rule [g]N [v]N = [gv]N ,
(4) τ(TQ/N)/(G/N) : (TQ/N)/(G/N) → (Q/N)/(G/N) is a Lie algebroid and

q
TQ/N
G/N : TQ/N → (TQ/N)/(G/N) is a Lie algebroid epimorphism,

(5) The map I : TQ/G → (TQ/N)/(G/N) defined by [v]G 7→ [[v]N ]G/N is an
isomorphism of Lie algebroids over the map i.

Proof. The vector bundle τTQ/G : TQ/G → Q/G (respectively, τTQ/N : TQ/N →

Q/N) is the Atiyah algebroid for the principal G-bundle qQ
G : Q → Q/G (respec-

tively, qQ
N : Q → Q/N), so that (1) and (2) are obvious. Condition (3) is just

condition (2) of Theorem 5.9 applied to the principal N -bundle TQ→ TQ/N . To
prove condition (4), we notice that the action of G/N on the Lie algebroid TQ/N
is free and satisfies the conditions of Theorem 5.8. Finally, the Lie algebroid mor-
phism j : TQ → TQ/N is equivariant with respect to the G-action on TQ and
the (G/N)-action on TQ/N . Thus it induces a morphism of Lie algebroids in the
quotient. It is an isomorphism since it is a diffeomorphism by Theorem 5.9. �
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The following diagram illustrates the above situation:

TQ

Φ

((

τQ

��

Φ1

// TQ/N

τ1

��

Φ2

// (TQ/N)/(G/N)

τ2

��
Q

qQ
G

77

qQ
N // Q/N

q
Q/N

G/N // (Q/N)/(G/N)

In particular, for the unconstrained case one has the following result.

Theorem 5.11 (Reduction by stages of the free dynamics). Let qQ
G : Q→ Q/G be

a principal G-bundle, and N a closed normal subgroup of G. Let Q be a Lagrangian
function on Q which is G-invariant. Then the reduction by the symmetry group G
can be performed in two stages:

1. reduce by the normal subgroup N ,
2. reduce the resulting dynamics from 1. by the residual symmetry group G/N .

Since the dynamics of a constrained system is obtained by projection of the free
dynamics, we also the following result.

Theorem 5.12 (Reduction by stages of the constrained dynamics). Let qQ
G : Q→

Q/G be a principal G-bundle and N a closed normal subgroup of G. Let (L,D) be
a G-invariant constrained Lagrangian system. Then the reduction by the symmetry
group G can be performed in two stages:

1. reduce by the normal subgroup N ,
2. reduce the resulting dynamics from 1. by the residual symmetry group G/N .

6. The momentum equation

In this section, we examine the evolution of the momentum map along the evolu-
tion of the constrained system. The kernel of the anchor map plays, in some sense
that we will make clear in this section, the role of symmetry directions.

Let K be an ideal of E, that is, a Lie subalgebroid i : K →֒ E such that [ξ, η] is
a section of K for every section ξ of E and every section η of K. It follows that K
is a bundle of Lie algebras, i.e., ρ|K = 0, since [fξ, η] = −(ρ(η)f)ξ + f [ξ, η] must
be a section of K. For instance, if E is a regular Lie algebroid, rank(ρ) = constant,
we can just take K = Ker(ρ).

On the bundle K, we can define a linear E-connection (see [25] for details about
E-connections) by means of the E-covariant derivative

∇ξη = [ξ, η],

for ξ a section of E and η a section of K. Indeed, we have that ∇ξη is a section of
K because K is an ideal and

∇(fξ)η = [fξ, η] = −(ρ(η)f)ξ + f [ξ, η] = f [ξ, η] = f∇ξη,

because ρ(η) = 0. Finally,

∇ξ(fη) = [ξ, fη] = (ρ(ξ)f)η + f [ξ, η] = (ρ(ξ)f)η + f∇ξη.

Note that K may be considered as an ideal of T EE and thus ∇ induces a linear
T EE-connection on K that we will also denote by ∇.
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Now, let J be the restriction of θL (considered as a form along τ) to K. In other
words, J is the bundle map J : E → K∗ over the identity in M defined by

〈J(a), k〉 =
〈
θL

∣∣
a
, i(k)

〉
=

d

ds
L(a+ sk)

∣∣
s=0

.

The map J is said to be the momentum map with respect to K.

Theorem 6.1. The momentum map satisfies the momentum equation:

∇ΓL
J = 0.

Proof. For every section η of K, we have that δΓL
L(η) = dΓL

〈θL, η
C〉 − dηCL = 0,

where ηC is the complete lift of the section η, see [43]. Therefore

δΓL
L(η) = ∇ΓL

〈J, η〉 − dηCL = 〈∇ΓL
J, η〉 + 〈J,∇ΓL

η〉 − dηCL,

where we have used the definition of J , and taken into account that both η and
∇ΓL

η are sections of K. On the other hand, we have ρ1(ηC) projects to ρ(η) = 0,
so that it is vertical. Moreover, straightforward coordinate calculations show that
dηCL = d(∇ΓL

η)V L = 〈J,∇ΓL
η〉. Therefore

δΓL
L(η) = 〈∇ΓL

J, η〉 ,

which completes the proof. �

If we take local coordinates associated to a local basis of sections {eα} where the
first k elements {eI} are a local basis of K, then we have

∇eα
eI = [eα, eI ] = CJ

αIeJ ,

i.e., the connection coefficients are just (some of) the structure functions. Thus,
the covariant derivative of the momentum map is

∇ΓL
J =

{
dΓL

(
∂L

∂yJ

)
−
∂L

∂yI
yαCI

αJ

}
eJ ,

and the momentum equations reads

dΓL

(
∂L

∂yJ

)
+
∂L

∂yI
CI

Jαy
α = 0,

i.e., the first k Euler-Lagrange equations for L, where k = rank(K). (Notice that

ρi
I = 0 and Cβ

Jα = 0 for β = k + 1, . . . , rank(E)).
In the case of a nonholonomically constrained system, to obtain a similar equa-

tion, K, in addition to being an ideal, must be a subbundle of the constraint
distribution K ⊂ D. With this condition, we also get the momentum equation in
the form ∇ΓJ = 0.

In general, the momentum equation does not provide with constants of the mo-
tion. Only for a parallel section η of K, i.e., ∇η = 0, we have ∇Γη = 0 and, thus,
〈J, η〉 is a constant of the motion. In particular, if K is a trivial Lie algebroid
K ≃ M × g for some Lie algebra g, we recover the standard case of Lagrangian
Mechanics, and we have a constant of the motion for every element of g. In this
case, the momentum map can be considered as a map from E to g∗.

7. Examples

As in the unconstrained case, Lagrangian constrained systems on Lie algebroids
appear frequently. We show some examples next. In all examples, after the reduc-
tion by the group symmetry, there can still be some residual symmetry, and the
result about reduction by stages applies.
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Example 7.1. [Suslov system] The so-called Suslov problem [31, 56] consists of
a rigid body to which we impose the constraint of having body angular velocity
orthogonal to some fixed direction in the body frame. Taking G = SO(3) and

identifying so(3) = R3, the Lagrangian is L(R, Ṙ) = 1
2Ω ·IΩ, where Ω̂ = R−1Ṙ, and

the constraint is Ω · Γ = 0, Γ being constant. The Lagrangian and the constraints
are clearly left-invariant and thus we can reduce from TSO(3) → SO(3) to the

Lie algebra so(3) → {e}. The morphism is just Φ(R, Ṙ) = R−1Ṙ ∈ so(3). The
Lagrange-d’Alembert equations are

IΩ̇ + Ω × IΩ = λΓ.

⊳

Example 7.2. [LL-systems] The class of LL-systems generalizes the Suslov prob-
lem. These systems consists of a left-invariant Lagrangian on a Lie group with
a left-invariant constraint distribution D ⊂ TG. The system then reduces to a
nonholonomic system on the Lie algebra of the Lie group. Lagrange-d’Alembert
equations are known in this case as Euler-Poincaré-Suslov equations. ⊳

Example 7.3. [Veselova system] The so-called Veselova system [58] consists of
a rigid body to which we impose the constraint of having body angular velocity
orthogonal to some fixed direction in the spatial frame. Taking G = SO(3) and

identifying so(3) = R3, the Lagrangian is L(R, Ṙ) = 1
2Ω · IΩ and the constraint is

Ω · Γ = 0, where as before Ω̂ = R−1Ṙ.
In this case we cannot reduce directly as in the Suslov problem since the con-

straints are expressed in terms of a constant vector in the spatial frame. Nev-
ertheless, we can perform a reduction procedure following similar ideas as in the
reduction of the heavy top [43, 14].

We can reduce from TSO(3)×S2 → SO(3)×S2 (where S2 ⊂ R3 is taken as the
parameter manifold) to the transformation Lie algebroid so(3) × S2 → S2, where
the action of so(3) on S2 is ρ(Ω,Γ) = (Γ,Γ × Ω). The reduction morphism is

(Ω,Γ) = Φ(R, Ṙ, γ) = (R−1Ṙ, R−1γ).

The Lagrange-d’Alembert equations are
{

IΩ̇ + Ω × IΩ = λΓ,

Γ̇ + Ω × Γ = 0.

⊳

Example 7.4. [LR-systems] Generalizing the case of Veselova’s problem, we get
the so-called LR-systems. This systems are defined on the tangent bundle of the
Lie group G, with a left-invariant Lagrangian L and a right-invariant constraint
distribution D ⊂ TG. We set d ⊂ g to be the value of the constraint distribution
at the identity, so that Dg = TRg(d).

The reduction of this kind of systems can be performed in a similar way to the
Veselova problem. Given a Lagrangian L0 ∈ C∞(TG), we consider the Lie alge-
broid τ̄ : TG× d◦ → d◦, where the variables in d◦ are treated as parameters. Thus,
the anchor ρ̄ : TG× d◦ → TG×Td◦ is given by ρ̄(vg, a) = (vg, 0a), and the bracket
is derived from the standard bracket of vector fields on G. The Lagrangian is ex-
tended2 to TG×d◦ by L(vg, a) = L0(vg). The free Euler-Lagrange equations for the
Lagrangian L are the Euler-Lagrange equations for L0 supplemented by the condi-
tion ȧ = 0. For the constrained system, the constraints read

〈
vg, T

∗Rg−1(a)
〉

= 0.

2It even may be that the original Lagrangian already depends on the variables on d
◦ as

parameters. In that case, we have to require to the Lagrangian to be fully invariant, i.e.,

L(TLhvg , Ad∗

h−1 a) = L(vg , a).
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In other words, the constraint functions are (the linear functions on TG associated
to) right-invariant forms on g, θ(g) = T ∗Rg(a).

We now consider the transformation Lie algebroid τ : g × d◦ → d◦, where the
action of g on d◦ is the coadjoint action. Thus the anchor is ρ(ξ,A) = (A,− ad∗

ξ A) ∈
d◦ × d◦ ≡ Td◦, in other words, it is the Lie algebroid of the transformation Lie
groupoid G× d◦ over d◦ with the coadjoint action A · g = Ad∗

g A. We consider the
Lie algebroid morphism given by

Φ: TG× d◦ → g × d◦ (Ω, A) = Φ(vg, a) = (TLg−1vg,Ad∗
g a).

Since the Lagrangian is left-invariant, it defines a reduced Lagrangian l ∈ C∞(g×d◦)
by l(Ω, A) = L(TLgΩ,Ad∗

g−1 A), where as usual Ω = TLg−1vg. Moreover the
constraints read

〈
vg, T

∗Rg−1(a)
〉

=
〈
TLgΩ, T

∗Rg−1(a)
〉

=
〈
Ω,Ad∗

g a
〉

= 〈Ω, A〉 = 0.

The Lagrange-d’Alembert equations are

δl(Ω, A) ∈ d◦ and Ȧ = ad∗
ΩA.

As a concrete example, we can consider the Lagrangian given by the kinetic
energy defined by an AdG-invariant metric, which gives l(Ω) = 1

2Ω · IΩ. Taking

a basis Γi of d⊥ (the orthogonal with respect to the metric), we can write the
Lagrange-d’Alembert equations in the form

IΩ̇ + adΩ IΩ = λiΓi and Γ̇i + adΩ Γi = 0.

⊳

Example 7.5. [Chaplygin-type systems] A frequent situation is the following. Con-
sider a constrained Lagrangian system (L,D) on a Lie algebroid τ : E → M such
that the restriction of the anchor to the constraint distribution, ρ|D : D → TM , is
an isomorphism of vector bundles. Let h : TM → D ⊂ E be the right-inverse of
ρ|D, so that ρ ◦ h = idTM . It follows that E is a transitive Lie algebroid and h is a
splitting of the exact sequence

0 // Ker(ρ) // E
ρ // TM // 0 .

Let us define the function L̄ ∈ C∞(TM) by L̄ = L ◦ h. The dynamics defined
by L does not reduce to the dynamics defined by L̄ because, while the map Φ = ρ
is a morphism of Lie algebroids and Φ(D) = TM , we have L̄ ◦ Φ = L ◦ h ◦ ρ 6= L.
Nevertheless, we can use h to express the dynamics on TM , by finding relations
between the dynamics defined by L and L̄.

We need some auxiliary properties of the splitting h and its prolongation. We
first notice that h is an admissible map over the identity in M , because ρE ◦ h =
idTM and T idM ◦ρTM = idTM , but in general h is not a morphism. We can define
the tensor K, a ker(ρ)-valued differential 2-form on M , by means of

K(X,Y ) = [h ◦X,h ◦ Y ] − h ◦ [X,Y ]

for every X,Y ∈ X(M). It is easy to see that h is a morphism if and only if K = 0.
In coordinates (xi) in M , (xi, vi) in TM , and linear coordinates (xi, yi, yA) on E
corresponding to a local basis {ei, eA} of sections of E adapted to the splitting h,
we have that

K =
1

2
ΩA

ij dx
i ∧ dxj ⊗ eA,

where ΩA
ij are defined by [ei, ej ] = ΩA

ijeA.

Since h is admissible, its prolongation T hh is a well-defined map from T (TM)
to T EE. Moreover, it is an admissible map, which is a morphism if and only
if h is a morphism. In what respect to the energy and the Cartan 1-form, we
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have that (T hh)⋆EL = EL̄ and (T hh)⋆θL = θL̄. Indeed, notice that by definition,
(T hh)⋆EL = EL ◦ h and

EL(h(v)) =
d

dt
L(h(v) + t(h(v))|t=0 − L(h(v)) =

d

dt
L(h(v + tv))|t=0 − L(h(v))

=
d

dt
L̄(v + tv)|t=0 − L̄(v) = EL̄(v).

On the other hand, for every Vv ≡ (v, w, V ) ∈ T (TM) ≡ T TM (TM) where w =
Tτ(V ), we have

〈
(T hh)⋆θL, V

〉
=
〈
θL, T

hh(v, w, V )
〉

= 〈θL, (h(v), h(w), Th(V ))〉

=
d

dt
L(h(v) + t(h(w))|t=0 =

d

dt
L(h(v + tw))|t=0

=
d

dt
L̄(v + tw)|t=0 = 〈θL̄, V 〉 .

Nevertheless, since h is not a morphism, and hence (T hh)⋆ ◦ d 6= d ◦ (T hh)⋆, we
have that (T hh)⋆ωL 6= ωL̄. Let JK be the 2-form on TM defined by

JKv(V,W ) =
〈
Jh(v),Kh(v)(TτM (V ), T τM (W ))

〉

where J is the momentum map defined by L and Ker ρ and V,W ∈ Th(v)(TM).
The notation resembles the contraction of the momentum map J with the curvature
tensor K. Instead of being symplectic, the map T hh satisfies

(T hh)⋆ωL = ωL̄ + JK.

Indeed, we have that

(T hh)⋆ωL − ωL̄ = [d ◦ (T hh)⋆ − (T hh)⋆ ◦ d] θL

and on a pair of projectable vector fields U, V projecting onto X,Y respectively,
one can easily prove that

[d ◦ (T hh)⋆ − (T hh)⋆ ◦ d] θL(U, V ) =
〈
θL, [T

hh(U), T hh(V )] − T hh([U, V ])
〉

from where the result follows by noticing that T hh ◦U is a projectable section and
projects to h◦X, and similarly T hh◦V projects to h◦Y . Hence [T hh(U), T hh(V )]−
T hh([U, V ] is projectable and projects to K(X,Y ).

Let now Γ be the solution of the nonholonomic dynamics for (L,D), so that Γ

satisfies the equation iΓωL − dEL ∈ D̃◦ and the tangency condition Γ
∣∣
D

∈ T DD.

From this second condition we deduce the existence of a vector field Γ̄ ∈ X(TM)
such that T hh◦ Γ̄ = Γ◦h. Explicitly, the vector field Γ̄ is defined by Γ̄ = T ρρ◦Γ◦h,
from where it immediately follows that Γ̄ is a sode vector field on M .

Taking the pullback by T hh of the first equation we get (T hh)⋆
(
iΓωL−dEL

)
= 0

since (T hh)⋆D̃◦ = 0. Therefore

0 = (T hh)⋆iΓωL − (T hh)⋆dEL

= iΓ̄(T hh)⋆ωL − d(T hh)⋆EL

= iΓ̄
(
ωL̄ + JK) − dEL̄

= iΓ̄ωL̄ − dEL̄ + iΓ̄JK.

Therefore, the vector field Γ̄ is determined by the equations

iΓ̄ωL̄ − dEL̄ = −〈J,K(T, · )〉 ,

where T is the identity in TM considered as a vector field along the tangent bundle
projection τM (also known as the total time derivative operator). Equivalently we
can write these equations in the form

dΓ̄θL̄ − dL̄ = 〈J,K(T, · )〉 .
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The above equations determine the dynamics for the variables in TM . Taking
into account the decomposition E = h(TM) ⊕ ker ρ, we need to determine the
dynamics for the variables in Ker ρ. Such complementary equation is but the mo-
mentum equation ∇ΓJ = 0. Therefore, the Lagrange-D’Alembert equations are
equivalent to the pair equations

iΓ̄ωL̄ − dEL̄ = −〈J,K(T, · )〉 and ∇ΓJ = 0.

Finally we mention that extension of the above decomposition for non transitive
Lie algebroids is under development.

Chaplygin systems. A particular case of the above theory is that of ordinary Chap-
lygin systems(see [4, 7, 31] and references there in). In such case we have a principal

G-bundle π = qQ
G : Q → M = Q/G and the constraint distribution is the horizon-

tal distribution of a principal connection Hor. If we set E = TQ/G → M and

Φ = qTQ
G : TQ → E the quotient projection (which is a morphism of Lie alge-

broids), since the connection is a principal connection we have that Hor projects
to a distribution D = Φ(Hor). Given a G-invariant Lagrangian LQ ∈ C∞(TQ)
we have a reduced constrained system (E,D,L), with LQ = L ◦ Φ. Moreover, the
anchor in E, given by ρ([v]) = Tπ(v) is surjective and the horizontal lifting of the
original connection defines a map h : TM → E which is a splitting of the exact
sequence 0 → ker(ρ) → E → TM → 0. The original Lagrangian and the function
L̄ are related by L̄(v) = L(h(v)) = LQ(vH) for every v ∈ TM and where vH ∈ TQ
is the horizontal lifting with respect to the original principal connection. ⊳

8. Nonlinearly constrained Lagrangian systems

We show in this section how the main results for linearly constrained Lagrangian
systems can be extended to the case of Lagrangian systems with nonlinear nonholo-
nomic constraints. This is true under the assumption that a suitable version of the
classical Chetaev’s principle in nonholonomic mechanics is valid (see e.g. [35] for
the study of standard nonholonomic Lagrangian systems subject to nonlinear con-
straints).

Let τ : E → M be a Lie algebroid and M be a submanifold of E such that
π = τ |M : M → M is a fibration. M is the constraint submanifold. Since π is a
fibration, the prolongation T EM is well-defined. We will denote by r the dimension
of the fibers of π : M →M , that is, r = dimM− dimM .

We define the bundle V → M of virtual displacements as the subbundle of
τ∗E of rank r whose fiber at a point a ∈ M is

Va = { b ∈ Eτ(a) | b
V

a ∈ TaM}.

In other words, the elements of V are pairs of elements (a, b) ∈ E ⊕ E such that

d

dt
φ(a+ tb)

∣∣∣
t=0

= 0,

for every local constraint function φ.
We also define the bundle of constraint forces Ψ by Ψ = S∗((T EM)◦), in

terms of which we set the Lagrange-d’Alembert equations for a regular Lagrangian
function L ∈ C∞(E) as follows:

(iΓωL − dEL)|M ∈ Sec(Ψ),

Γ|M ∈ Sec(T EM),
(8.1)

the unknown being the section Γ. The above equations reproduce the corresponding
ones for standard nonlinear constrained systems.

¿From (2.7) and (8.1), it follows that

(iSΓωL − i∆ωL)|M = 0,
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which implies that a solution Γ of equations (8.1) is a sode section along M, that
is, (SΓ − ∆)|M = 0.

Note that the rank of the vector bundle (T EM)◦ → M is s = rank(E)− r and,
since π is a fibration, the transformation S∗ : (T EM)0 → Ψ defines an isomorphism
between the vector bundles (T EM)0 → M and Ψ → M. Therefore, the rank of Ψ
is also s. Moreover, if a ∈ M we have

Ψa = S∗((T E
a M)◦) = { ζ ◦ T τ | ζ ∈ V◦

a }. (8.2)

In fact, if αa ∈ (T E
a M)◦, we may define ζ ∈ E∗

τ(a) by

ζ(b) = αa(ξV (a, b)), for b ∈ Eτ(a).

Then, a direct computation proves that ζ ∈ V◦
a and S∗(αa) = ζ ◦ T τ . Thus, we

obtain

Ψa ⊆ { ζ ◦ T τ | ζ ∈ V◦
a }

and, using that the dimension of both spaces is s, we deduce (8.2) holds. Note
that, in the particular case when the constraints are linear, we have V = τ∗(D) and

Ψ = D̃◦.
Next, we consider the vector bundles F and T VM over M whose fibers at the

point a ∈ M are

Fa = ω−1
L (Ψa), T V

a M = { (b, v) ∈ Va × TaM|Tπ(v) = ρ(b) }.

It follows that

Fa = { z ∈ T E
a E | exists ζ ∈ V0

a and izωL(a) = ζ ◦ T τ }

and

T V
a M = { z ∈ T E

a M|T π(z) ∈ Va } = { z ∈ T E
a M|S(z) ∈ T E

a M}. (8.3)

Note that the dimension of T V
a M is 2r and, when the constraints are linear, i.e.,

M is a vector subbundle D of E, we obtain

T V
a M = T D

a D, for all a ∈ M = D.

Moreover, from (8.3), we deduce that the vertical lift of an element of V is an
element of T VM. Thus we can define for b, c ∈ Va

GL,V

a (b, c) = ωL(a)(b̃, ξV (a, c)),

where b̃ ∈ T E
a E and T τ(b̃) = b.

Now, we will analyze the local nature of equations (8.1). We consider local
coordinates (xi) on an open subset U of M and take a basis {eα} of local sections
of E. In this way, we have local coordinates (xi, yα) on E. Suppose that the local
equations defining M as a submanifold of E are

φA = 0, A = 1, . . . , s,

where φA are independent local constraint functions. Since π : M → M is a

fibration, it follows that the matrix (
∂φA

∂yα
) is of rank s. Thus, if d is the differential

of the Lie algebroid T EE → E, we deduce that {dφA|M}A=1,...,s is a local basis of
sections of the vector bundle (T EM)0 → M. Note that

dφA = ρj
α

∂φA

∂xj
Xα +

∂φA

∂yα
Vα.

Moreover, {S∗(dφA)|M =
∂φA

∂yα
Xα|M}A=1,...,s is a local basis of sections of the

vector bundle Ψ → M.
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Next, we will introduce the local sections {ZA}A=1,...,s of T EE → E defined by

iZA
ωL = S∗(dφA) =

∂φA

∂yα
Xα.

A direct computation, using (2.5), proves that

ZA = −
∂φA

∂yα
WαβVβ , for all A, (8.4)

where (Wαβ) is the inverse matrix of (Wαβ =
∂2L

∂yαyβ
). Furthermore, it is clear

that {ZA|M} is a local basis of sections of the vector bundle F → M.
On the other hand, if ΓL is the Euler-Lagrange section associated with the regular

Lagrangian L, then a section Γ of T EM → M is a solution of equations (8.1) if
and only if

Γ = (ΓL + λAZA)|M

with λA local real functions on E satisfying

(λAdφB(ZA) + dφB(ΓL))|M = 0, for all B = 1, . . . , s.

Therefore, using (8.4), we conclude that there exists a unique solution of the
Lagrange-d’Alembert equations (8.1) if and only if the matrix

(
CAB =

∂φA

∂yα
Wαβ ∂φ

B

∂yβ

)
A,B=1,...,s

is regular. In addition, we will prove the following result:

Theorem 8.1. The following properties are equivalent:

(1) The constrained Lagrangian system (L,M) is regular, that is, there exists
a unique solution of the Lagrange-d’Alembert equations,

(2) KerGL,V = {0},
(3) T EM∩ F = {0},
(4) T VM∩ (T VM)⊥ = {0}.

Proof. It is clear that the matrix (CAB) is regular if and only if T EM∩ F = {0}.
Thus, the properties (1) and (3) are equivalent. Moreover, proceeding as in the
proof of Theorem 4.4, we deduce that the properties (2) and (3) (respectively, (2)
and (4)) also are equivalent. �

Remark 8.2. If L is a Lagrangian function of mechanical type, then, using Theo-
rem 8.1, we deduce (as in the case of linear constraints) that the constrained system
(L,M) is always regular. ⋄

Assume that the constrained Lagrangian system (L,M) is regular. Then (3) in
Theorem 8.1 is equivalent to (T EE)|M = T EM ⊕ F . Denote by P and Q the
complementary projectors defined by this decomposition

Pa : T E
a E → T E

a M, Qa : T E
a E → Fa, for all a ∈ M.

As in the case of linear constraints, we may prove the following.

Theorem 8.3. Let (L,M) be a regular constrained Lagrangian system and let ΓL

be the solution of the free dynamics, i.e., iΓL
ωL = dEL. Then, the solution of the

constrained dynamics is the SODE Γ obtained as follows

Γ = P (ΓL|M).
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On the other hand, (4) in Theorem 8.1 is equivalent to (T EE)|M = T VM ⊕
(T VM)⊥ and we will denote by P̄ and Q̄ the corresponding projectors induced by
this decomposition, that is,

P̄a : T E
a E → T V

a M, Q̄a = T E
a E → (T V

a M)⊥, for all a ∈ M.

Theorem 8.4. Let (L,M) be a regular constrained Lagrangian system, ΓL (re-
spectively, Γ) be the solution of the free (respectively, constrained) dynamics and
∆ be the Liouville section of T EE → E. Then, Γ = P̄ (ΓL|M) if and only if the
restriction to M of the vector field ρ1(∆) on E is tangent to M.

Proof. Proceeding as in the proof of Lemma 4.3, we obtain that

(T V
a M)⊥ ∩ Ver(T E

a E) = Fa, for all a ∈ M.

Thus, it is clear that

Q(ΓL(a)) ∈ Fa ⊆ (T V
a M)⊥, for all a ∈ M.

Moreover, from (8.3) and using the fact that the solution of the constrained dy-
namics is a SODE along M, we deduce

Γ(a) = P (ΓL(a)) ∈ T V
a M, for all a ∈ M,

if and only if the restriction to M of the vector field ρ1(∆) on E is tangent to M.
This proves the result. �

Remark 8.5. Note that if M is a vector subbundle D of E, then the vector field
ρ1(∆) is always tangent to M = D. ⋄

As in the case of linear constraints, one may develop the distributional approach
in order to obtain the solution of the constrained dynamics. In fact, if (L,M) is
regular, then T VM → M is a symplectic subbundle of (T EE,ωL) and, thus, the
restriction ωL,M of ωL to T VM is a symplectic section on that bundle. We may
also define εL,M as the restriction of dEL to T VM. Then, taking the restriction of
Lagrange d’Alembert equations to T VM, we get the following equation

iΓ̄ω
L,M = εL,M, (8.5)

which uniquely determines a section Γ̄ of T VM → M. It is not difficult to prove
that Γ̄ = P̄ (ΓL|M). Thus, the unique solution of equation (8.5) is the solution of
the constrained dynamics if and only if the vector field ρ1(∆) is tangent to M.

Let (L,M) an arbitrary constrained Lagrangian system. Since S∗ : (T EM)0 →
Ψ is a vector bundle isomorphism, it follows that there exists a unique section
α(L,M) of (T EM)0 → M such that

iQ(ΓL|M)ωL = S∗(α(L,M)).

Moreover, we have the following result.

Theorem 8.6. If (L,M) is a regular constrained Lagrangian system and Γ is the
solution of the dynamics, then dΓ(EL|M) = 0 if and only if α(L,M)(∆|M) = 0. In

particular, if the vector field ρ1(∆) is tangent to M , then dΓ(EL|M) = 0.

Proof. From Theorem 8.3, we deduce

(iΓωL − dEL)|M = −S∗(α(L,M)).

Therefore, using that Γ is a sode along M, we obtain

dΓ(EL|M) = α(L,M)(∆|M).

�
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Now, let (L,M) be a regular constrained Lagrangian system. In addition, sup-
pose that f and g are two smooth functions on M and take arbitrary extensions
to E denoted by the same letters. Then, as in Section 4.3, we may define the

nonholonomic bracket of f and g as follows

{f, g}nh = ωL(P̄ (Xf ), P̄ (Xg))|M,

where Xf and Xg are the Hamiltonian sections on T EE associated with f and g,
respectively.

Moreover, proceeding as in the case of linear constraints, one can prove that

ḟ = ρ1(RL)(f) + {f,EL}nh, f ∈ C∞(M),

where RL is the section of T EM → M defined by RL = P (ΓL|M) − P̄ (ΓL|M).
Thus, in the particular case when the restriction to M of the vector field ρ1(∆) on
E is tangent to M, it follows that

ḟ = {f,EL}nh, for f ∈ C∞(M).

Alternatively, since T VM is an anchored vector bundle, we may consider the
differential d̄f ∈ Sec((T VM)∗) for a function f ∈ C∞(M). Thus, since the restric-
tion ωL,M of ωL to T VM is regular, we have a unique section X̄f ∈ Sec(T VM)
given by iX̄f

ωL,M = d̄f and it follows that

{f, g}nh = ωL,M(X̄f , X̄g).

Next, let (L,M) be a regular constrained Lagrangian system on a Lie algebroid
τ : E →M and let (L′,M′) be another constrained Lagrangian system on a second
Lie algebroid τ ′ : E′ → M ′. Suppose also that we have a fiberwise surjective
morphism of Lie algebroids Φ : E → E′ over a surjective submersion φ : M → M ′

such that:

(i) L = L′ ◦ Φ,
(ii) Φ|M M → M′ is a surjective submersion,
(iii) Φ(Va) = V ′

Φ(a), for all a ∈ M.

Remark 8.7. Condition (ii) implies that Φ(Va) ⊆ V ′
Φ(a), for all a ∈ M. Moreover,

if V (Φ) is the vertical bundle of Φ and

Va(Φ) ⊂ TaM, for all a ∈ M,

then condition (ii) also implies that V ′
Φ(a) ⊆ Φ(Va), for all a ∈ M. ⋄

On the other hand, using condition (iii) and Proposition 5.2, it follows that

kerGL′,V′

= {0} and, thus, the constrained Lagrangian system (L′,M′) is regular.
Moreover, proceeding as in the proof of Lemma 5.5 and Theorem 5.6, we deduce
the following results.

Lemma 8.8. With respect to the decompositions

(T EE)|M = T EM⊕ F and (T E′

E′)|M = T E′

M′ ⊕ F ′

we have the following properties

(1) T ΦΦ(T EM) = T E′

M′,
(2) T ΦΦ(F ) = F ′,
(3) If P , Q and P ′, Q′ are the projectors associated with (L,M) and (L′,M′),

respectively, then P ′ ◦ T ΦΦ = T ΦΦ ◦ P and Q′ ◦ T ΦΦ = T ΦΦ ◦Q.

With respect to the decompositions

(T EE)|M = T VM⊕ (T VM)⊥ and (T E′

E′)|M′ = T V′

M′ ⊕ (T V′

M′)⊥

we have the following properties
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(4) (T ΦΦ)(T VM) = T V′

M′,

(5) (T ΦΦ)((T VM)⊥) = (T V′

M′)⊥,
(6) If P̄ , Q̄ and P̄ ′ and Q̄′ are the projectors associated with (L,M) and (L′,M′),

respectively, then P̄ ′ ◦ T ΦΦ = T ΦΦ ◦ P̄ and Q̄′ ◦ T ΦΦ = T ΦΦ ◦ Q̄.

Theorem 8.9 (Reduction of the constrained dynamics). Let (L,M) be a regular
constrained Lagrangian system on a Lie algebroid E and let (L′,M′) be a con-
strained Lagrangian system on a second Lie algebroid E′. Assume that we have
a fiberwise surjective morphism of Lie algebroids Φ : E → E′ over φ : M → M ′

such that conditions (i)-(iii) hold. If Γ is the constrained dynamics for L and Γ′

is the constrained dynamics for L′, respectively, then T ΦΦ ◦ Γ = Γ′ ◦ Φ. If a(t)
is a solution of Lagrange-d’Alembert differential equations for L, then Φ(a(t)) is a
solution of Lagrange-d’Alembert differential equations for L′.

We will say that the constrained dynamics Γ′ is the reduction of the con-

strained dynamics Γ by the morphism Φ.
As in the case of linear constraints (see Theorem 5.7), we also may prove the

following result

Theorem 8.10. Under the same hypotheses as in Theorem 8.9, we have that

{f ′ ◦ Φ, g′ ◦ Φ}nh = {f ′, g′}′nh ◦ Φ,

for f ′, g′ ∈ C∞(M′), where {·, ·}nh (respectively, {·, ·}′nh) is the nonholonomic
bracket for the constrained system (L,M) (respectively, (L′,M′)). In other words,
Φ : M → M′ is an almost-Poisson morphism.

Now, let φ : Q → M be a principal G-bundle and τ : E → Q be a Lie algebroid
over Q. In addition, assume that we have an action of G on E such that the quotient
vector bundle E/G is defined and the set Sec(E)G of equivariant sections of E is a
Lie subalgebra of Sec(E). Then, E′ = E/G has a canonical Lie algebroid structure
over M such that the canonical projection Φ : E → E′ is a fiberwise bijective Lie
algebroid morphism over φ (see Theorem 5.8).

Next, suppose that (L,M) is a G-invariant regular constrained Lagrangian sys-
tem, that is, the Lagrangian function L and the constraint submanifold M are
G-invariant. Then, one may define a Lagrangian function L′ : E′ → R on E′ such
that

L = L′ ◦ Φ.

Moreover, G acts on M and if the set of orbits M′ = M/G of this action is a
quotient manifold, that is, M′ is a smooth manifold and the canonical projection
Φ|M : M → M′ = M/G is a submersion, then one may consider the constrained
Lagrangian system (L′,M′) on E′.

Remark 8.11. If M is a closed submanifold of E, then, using a well-known result
(see [1, Theorem 4.1.20]), it follows that the set of orbits M′ = M/G is a quotient
manifold. ⋄

Since the orbits of the action of G on E are the fibers of Φ and M is G-invariant,
we deduce that

Va(Φ) ⊆ TaM, for all a ∈ M,

which implies that Φ|Va
: Va → V ′

Φ(a) is a linear isomorphism, for all a ∈ M.

Thus, from Theorem 8.9, we conclude that the constrained Lagrangian system
(L′,M′) is regular and that

T ΦΦ ◦ Γ = Γ′ ◦ Φ,

where Γ (resp., Γ′) is the constrained dynamics for L (resp., L′). In addition, using
Theorem 8.10, we obtain that Φ : M → M′ is an almost-Poisson morphism when on
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M and M′ we consider the almost-Poisson structures induced by the corresponding
nonholonomic brackets.

Let us illustrate the results above in a particular example.

Example 8.12. (A ball rolling without sliding on a rotating table with constant
angular velocity [4, 10, 50]). A (homogeneous) sphere of radius r > 0, unit mass
m = 1 and inertia about any axis k2, rolls without sliding on a horizontal table
which rotates with constant angular velocity Ω about a vertical axis through one
of its points. Apart from the constant gravitational force, no other external forces
are assumed to act on the sphere.

Choose a Cartesian reference frame with origin at the center of rotation of the
table and z-axis along the rotation axis. Let (x, y) denote the position of the point
of contact of the sphere with the table. The configuration space for the sphere on
the table is Q = R2 × SO(3), where SO(3) may be parameterized by the Eulerian
angles θ, ϕ and ψ. The kinetic energy of the sphere is then given by

T =
1

2
(ẋ2 + ẏ2 + k2(θ̇2 + ψ̇2 + 2ϕ̇ψ̇ cos θ)),

and with the potential energy being constant, we may put V = 0. The constraint
equations are

ẋ− rθ̇ sinψ + rϕ̇ sin θ cosψ = −Ωy,

ẏ + rθ̇ cosψ + rϕ̇ sin θ sinψ = Ωx.

Since the Lagrangian function is of mechanical type, the constrained system is
regular. Note that the constraints are not linear and that the restriction to the
constraint submanifold M of the Liouville vector field on TQ is not tangent to M.
Indeed, the constraints are linear if and only if Ω = 0.

Now, we can proceed from here to construct to equations of motion of the sphere,
following the general theory. However, the use of the Eulerian angles as part of the
coordinates leads to very complicated expressions. Instead, one may choose to
exploit the symmetry of the problem, and one way to do this is by the use of
appropriate quasi-coordinates (see [50]). First of all, observe that the kinetic
energy may be expressed as

T =
1

2
(ẋ2 + ẏ2 + k2(ω2

x + ω2
y + ω2

z)),

where

ωx = θ̇ cosψ + ϕ̇ sin θ sinψ,

ωy = θ̇ sinψ − ϕ̇ sin θ cosψ,

ωz = ϕ̇ cos θ + ψ̇,

are the components of the angular velocity of the sphere. The constraint equations
expressing the rolling conditions can be rewritten as

ẋ− rwy = −Ωy,

ẏ + rωx = Ωx.

Next, following [10], we will consider local coordinates (x̄, ȳ, θ̄, ϕ̄, ψ̄;πi)i=1,...,5 on
TQ = TR2 × T (SO(3)), where

x̄ = x, ȳ = y, θ̄ = θ, ϕ̄ = ϕ, ψ̄ = ψ,

π1 = rẋ+ k2q̇2, π2 = rẏ − k2q̇1, π3 = k2q̇3,

π4 =
k2

(k2 + r2)
(ẋ− rq̇2 + Ωy), π5 =

k2

(k2 + r2)
(ẏ + rq̇1 − Ωx),
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and (q̇1, q̇2, q̇3) are the quasi-coordinates defined by

q̇1 = ωx, q̇2 = ωy, q̇3 = ωz.

As is well-known, the coordinates qi only have a symbolic meaning. In fact,

{
∂

∂q1
,
∂

∂q2
,
∂

∂q3
} is the basis of left-invariant vector fields on SO(3) given by

∂

∂q1
= (cosψ)

∂

∂θ
+

sinψ

sin θ
(
∂

∂ϕ
− cos θ

∂

∂ψ
),

∂

∂q2
= (sinψ)

∂

∂θ
−

cosψ

sin θ
(
∂

∂ϕ
− cos θ

∂

∂ψ
),

∂

∂q3
=

∂

∂ψ
,

and we have that

[
∂

∂q2
,
∂

∂q1
] =

∂

∂q3
, [

∂

∂q1
,
∂

∂q3
] =

∂

∂q2
, [

∂

∂q3
,
∂

∂q2
] =

∂

∂q1
.

Note that in the new coordinates the local equations defining the constraint
submanifold M are π4 = 0, π5 = 0. On the other hand, if P : (T TQTQ)|M =
TM(TQ) → T TQM = TM and Q : TM(TQ) → F are the projectors associated
with the decomposition TM(TQ) = TM⊕ F , then we have that (see [10])

Q =
∂

∂π4
⊗ dπ4 +

∂

∂π5
⊗ dπ5,

P = Id −
∂

∂π4
⊗ dπ4 −

∂

∂π5
⊗ dπ5.

Moreover, using that the unconstrained dynamics ΓL is given by

ΓL = ẋ
∂

∂x̄
+ ẏ

∂

∂ȳ
+ θ̇

∂

∂θ̄
+ ϕ̇

∂

∂ϕ̄
+ ψ̇

∂

∂ψ̄
+

k2Ω

(k2 + r2)
ẏ
∂

∂π4
+

k2Ω

(k2 + r2)
ẋ
∂

∂π5

= ẋ
∂

∂x̄
+ ẏ

∂

∂ȳ
+ q̇1

∂

∂q1
+ q̇2

∂

∂q2
+ q̇3

∂

∂q3
+

k2Ω

(k2 + r2)
ẏ
∂

∂π4
+

k2Ω

(k2 + r2)
ẋ
∂

∂π5
,

we deduce that the constrained dynamics is the sode Γ along M defined by

Γ = (PΓL|M) = (ẋ
∂

∂x̄
+ ẏ

∂

∂ȳ
+ θ̇

∂

∂θ̄
+ ϕ̇

∂

∂ϕ̄
+ ψ̇

∂

∂ψ̄
)|M

= (ẋ
∂

∂x̄
+ ẏ

∂

∂ȳ
+ q̇1

∂

∂q1
+ q̇2

∂

∂q2
+ q̇3

∂

∂q3
)|M. (8.6)

This implies that

dΓ(EL|M) = dΓ(L|M) =
Ω2k2

(k2 + r2)
(xẋ+ yẏ)|M.

Consequently, the Lagrangian energy is a constant of the motion if and only if
Ω = 0.

When constructing the nonholonomic bracket on M, we find that the only non-
zero fundamental brackets are

{x, π1}nh = r, {y, π2}nh = r,
{q1, π2}nh = −1, {q2, π1}nh = 1, {q3, π3}nh = 1,

{π1, π2}nh = π3, {π2, π3}nh =
k2

(k2 + r2)
π1 +

rk2Ω

(k2 + r2)
y,

{π3, π1}nh =
k2

(k2 + r2)
π2 −

rk2Ω

(k2 + r2)
x,

(8.7)
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in which the “appropriate operational” meaning has to be attached to the quasi-
coordinates qi. As a result, we have

ḟ = RL(f) + {f, L}nh, for f ∈ C∞(M)

where RL is the vector field on M given by

RL = (
k2Ω

(k2 + r2)
(x

∂

∂y
− y

∂

∂x
) +

rΩ

(k2 + r2)
(x

∂

∂q1
+ y

∂

∂q2

+ x(π3 − k2Ω)
∂

∂π1
+ y(π3 − k2Ω)

∂

∂π2
− k2(π1x+ π2y)

∂

∂π3
))|M.

Note that RL = 0 if and only if Ω = 0.
Now, it is clear thatQ = R2×SO(3) is the total space of a trivial principal SO(3)-

bundle over R2 and the bundle projection φ : Q → M = R2 is just the canonical
projection on the first factor. Therefore, we may consider the corresponding Atiyah
algebroid E′ = TQ/SO(3) over M = R2. Next, we describe this Lie algebroid.

Using the left-translations in SO(3), one may define a diffeomorphism λ between
the tangent bundle to SO(3) and the product manifold SO(3) × R3 (see [1]). In
fact, in terms of the Euler angles, the diffeomorphism λ is given by

λ(θ, ϕ, ψ; θ̇, ϕ̇, ψ̇) = (θ, ϕ, ψ;ωx, ωy, ωz). (8.8)

Under this identification between T (SO(3)) and SO(3)×R3, the tangent action of
SO(3) on T (SO(3)) ∼= SO(3) × R3 is the trivial action

SO(3) × (SO(3) × R3) → SO(3) × R3, (g, (h, ω)) 7→ (gh, ω). (8.9)

Thus, the Atiyah algebroid TQ/SO(3) is isomorphic to the product manifold TR2×
R3, and the vector bundle projection is τR2 ◦pr1, where pr1 : TR2 ×R3 → TR2 and
τR2 : TR2 → R2 are the canonical projections.

A section of E′ = TQ/SO(3) ∼= TR2 × R3 → R2 is a pair (X,u), where X is a
vector field on R2 and u : R2 → R3 is a smooth map. Therefore, a global basis of
sections of TR2 × R3 → R2 is

e′1 = (
∂

∂x
, 0), e′2 = (

∂

∂y
, 0),

e′3 = (0, u1), e′4 = (0, u2), e′5 = (0, u3),

where u1, u2, u3 : R2 → R3 are the constant maps

u1(x, y) = (1, 0, 0), u2(x, y) = (0, 1, 0), u3(x, y) = (0, 0, 1).

In other words, there exists a one-to-one correspondence between the space Sec(E′ =
TQ/SO(3)) and the G-invariant vector fields on Q. Under this bijection, the sec-

tions e′1 and e′2 correspond with the vector fields
∂

∂x
and

∂

∂y
and the sections e′3, e

′
4

and e′5 correspond with the vertical vector fields
∂

∂q1
,
∂

∂q2
and

∂

∂q3
, respectively.

The anchor map ρ′ : E′ = TQ/SO(3) ∼= TR2 ×R3 → TR2 is the projection over
the first factor and, if [[·, ·]]′ is the Lie bracket on the space Sec(E′ = TQ/SO(3)),
then the only non-zero fundamental Lie brackets are

[[e′4, e
′
3]]

′ = e′5, [[e′5, e
′
4]]

′ = e′3, [[e′3, e
′
5]]

′ = e′4.

From (8.8) and (8.9), it follows that the Lagrangian function L = T and the con-
straint submanifold M are SO(3)-invariant. Consequently, L induces a Lagrangian
function L′ on E′ = TQ/SO(3) and, since M is closed on TQ, the set of orbits
M′ = M/SO(3) is a submanifold of E′ = TQ/SO(3) in such a way that the
canonical projection Φ|M : M → M′ = M/SO(3) is a surjective submersion.
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Under the identification between E′ = TQ/SO(3) and TR2 × R3, L′ is given by

L′(x, y, ẋ, ẏ;ω1, ω2, ω3) =
1

2
(ẋ2 + ẏ2) +

k2

2
(ω2

1 + ω2
2 + ω2

3),

where (x, y, ẋ, ẏ) and (ω1, ω2, ω3) are the standard coordinates on TR2 and R3,
respectively. Moreover, the equations defining M′ as a submanifold of TR2 × R3

are
ẋ− rω2 + Ωy = 0, ẏ + rω1 − Ωx = 0.

So, we have the constrained Lagrangian system (L′,M′) on the Atiyah algebroid
E′ = TQ/SO(3) ∼= TR2 × R3. Note that the constraints are not linear, and that,

if ∆′ is the Liouville section of the prolongation T E′

E′, then the restriction to M′

of the vector field (ρ′)1(∆′) is not tangent to M′.
Now, it is clear that the tangent bundle TQ = TR2 × T (SO(3)) ∼= TR2 ×

(SO(3) × R3) is the total space of a trivial principal SO(3)- bundle over E′ =
TQ/SO(3) ∼= TR2 × R3 and, in addition (see [37, Theorem 9.1]), the prolongation

T E′

E′ is isomorphic to the Atiyah algebroid associated with this principal SO(3)-

bundle. Therefore, the sections of the prolongation T E′

E′ → E′ may be identified
with the SO(3)-invariant vector fields on TQ ∼= TR2 × (SO(3) × R3). Under
this identification, the constrained dynamics Γ′ for the system (L′,M′) is just the
SO(3)-invariant vector field Γ = P (ΓL|M). We recall that if Φ : TQ→ TQ/SO(3)
is the canonical projection, then

T ΦΦ ◦ Γ = Γ′ ◦ Φ. (8.10)

Next, we will give a local description of the vector field (ρ′)1(Γ′) on E′ =
TQ/SO(3) ∼= TR2 × R3 and the nonholonomic bracket {·, ·}′nh for the constrained
system (L′,M′). For this purpose, we will consider a suitable system of local coor-
dinates on TQ/SO(3) ∼= TR2 × R3. If we set

x′ = x, y′ = y,
π′

1 = rẋ+ k2ω2, π′
2 = rẏ − k2ω1, π′

3 = k2ω3,

π4 = k2

(k2+r2) (ẋ− rω2 + Ωy), π′
5 = k2

(k2+r2) (ẏ + rω1 − Ωx),

then (x′, y′, π′
1, π

′
2, π

′
3, π

′
4, π

′
5) is a system of local coordinates on TQ/SO(3) ∼= TR2×

R3. In these coordinates the equations defining the submanifold M′ are π′
4 = 0

and π′
5 = 0, and the canonical projection Φ : TQ→ TQ/SO(3) is given by

Φ(x̄, ȳ, θ̄, ϕ̄, ψ̄;π1, π2, π3, π4, π5) = (x̄, ȳ;π1, π2, π3, π4, π5). (8.11)

Thus, from (8.6) and (8.10), it follows that

(ρ′)1(Γ′) = (ẋ′
∂

∂x′
+ ẏ′

∂

∂y′
)|M′ ,

or, in the standard coordinates (x, y, ẋ, ẏ;ω1, ω2, ω3) on TR2 × R3,

(ρ′)1(Γ′) = {ẋ(
∂

∂x
+

Ωk2

(k2 + r2)

∂

∂ẏ
+

Ωr

(k2 + r2)

∂

∂ω1
)

+ ẏ(
∂

∂y
−

Ωk2

(k2 + r2)

∂

∂ẋ
+

Ωr

(k2 + r2)

∂

∂ω2
)}|M′ .

On the other hand, from (8.7), (8.11) and Theorem 8.10, we deduce that the only
non-zero fundamental nonholonomic brackets for the system (L′,M′) are

{x′, π′
1}

′
nh = r, {y′, π′

2}
′
nh = r,

{π′
1, π

′
2}

′
nh = π′

3, {π′
2, π

′
3}

′
nh =

k2

(k2 + r2)
π′

1 +
rk2Ω

(k2 + r2)
y′,

{π′
3, π

′
1}

′
nh =

k2

(k2 + r2)
π′

2 −
rk2Ω

(k2 + r2)
x′.
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Therefore, we have that

ḟ ′ = (ρ′)1(RL′)(f ′) + {f ′, L′}′nh, for f ′ ∈ C∞(M′),

where (ρ′)1(RL′) is the vector field on M′ given by

(ρ′)1(RL′) = {
k2Ω

k2 + r2
(x′

∂

∂y′
− y′

∂

∂x′
) +

rΩ

(k2 + r2)
(x′(π′

3 − k2Ω)
∂

∂π′
1

+ y′(π′
3 − k2Ω)

∂

∂π′
2

− k2(π′
1x

′ + π′
2y

′)
∂

∂π′
3

)}|M′ .

⊳

9. Conclusions and outlook

We have developed a geometrical description of nonholonomic mechanical sys-
tems in the context of Lie algebroids. This formalism is the natural extension of
the standard treatment on the tangent bundle of the configuration space. The
proposed approach also allows to deal with nonholonomic mechanical systems with
symmetry, and perform the reduction procedure in a unified way. The main results
obtained in the paper are summarized as follows:

• we have identified the notion of regularity of a nonholonomic mechanical
system with linear constraints on a Lie algebroid, and we have characterized
it in geometrical terms;

• we have obtained the constrained dynamics by projecting the unconstrained
one using two different decompositions of the prolongation of the Lie alge-
broid along the constraint subbundle;

• we have developed a reduction procedure by stages and applied it to non-
holonomic mechanical systems with symmetry. These results have allowed
us to get new insights in the technique of quasicoordinates;

• we have defined the operation of nonholonomic bracket to measure the
evolution of observables along the solutions of the system;

• we have examined the setup of nonlinearly constrained systems;
• we have illustrated the main results of the paper in several examples.

Current and future directions of research will include the in-depth study of the
reduction procedure following the steps of [4, 8] for the standard case; the synthesis
of so-called nonholonomic integrators [15, 19, 36] for systems evolving on Lie alge-
broids, and the development of a comprehensive treatment of classical field theories
within the Lie algebroid formalism following the ideas by E. Mart́ınez [47].
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nonholonomic mechanics, J. Math. Phys. 45 (3) (2004) 1042–1064.
[37] de León M, Marrero JC and Mart́ınez E, Lagrangian submanifolds and dynamics on Lie

algebroids, J. Phys. A: Math. Gen. 38 (2005) R241–R308.
[38] de León M and Rodrigues, PR, Methods of Differential Geometry in Analytical Mechanics,

North Holland Math. Series 152 (Amsterdam, 1996).
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