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Abstract. This paper considers continuously differentiable functions of two vector variables
that have (possibly a continuum of) min-max saddle points. We study the asymptotic convergence
properties of the associated saddle-point dynamics (gradient-descent in the first variable and gradient-
ascent in the second one). We identify a suite of complementary conditions under which the set of
saddle points is asymptotically stable under the saddle-point dynamics. Our first set of results is
based on the convexity-concavity of the function defining the saddle-point dynamics to establish the
convergence guarantees. For functions that do not enjoy this feature, our second set of results relies
on properties of the linearization of the dynamics, the function along the proximal normals to the
saddle set, and the linearity of the function in one variable. We also provide global versions of the
asymptotic convergence results. Various examples illustrate our discussion.
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1. Introduction. It is well known that the trajectories of the gradient dynamics
of a continuously differentiable function with bounded sublevel sets converge asymp-
totically to its set of critical points, see e.g. [20]. This fact, however, is not true in
general for the saddle-point dynamics (gradient descent in one variable and gradi-
ent ascent in the other) of a continuously differentiable function of two variables, see
e.g. [2,[13]. In this paper, our aim is to investigate conditions under which the above
statement is true for the case where the critical points are min-max saddle points
and they possibly form a continuum. Our motivation comes from the applications of
the saddle-point dynamics (also known as primal-dual dynamics) to find solutions of
equality constrained optimization problems and Nash equilibria of zero-sum games.

Literature review. In constrained optimization problems, the pioneering works [2]
25] popularized the use of the primal-dual dynamics to arrive at the saddle points of
the Lagrangian. For inequality constrained problems, this dynamics is modified with
a projection operator on the dual variables to preserve their nonnegativity, which
results in a discontinuous vector field. Recent works have further explored the con-
vergence analysis of such dynamics, both in continuous [I7, [] and in discrete [27]
time. The work [I6] proposes instead a continuous dynamics whose design builds on
first- and second-order information of the Lagrangian. In the context of distributed
control and multi-agent systems, an important motivation to study saddle-point dy-
namics comes from network optimization problems where the objective function is an
aggregate of each agents’ local objective function and the constraints are given by a
set of conditions that are locally computable at the agent level. Because of this struc-
ture, the saddle-point dynamics of the Lagrangian for such problems is inherently
amenable to distributed implementation. This observation explains the emerging
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body of work that, from this perspective, looks at problems in distributed convex op-
timization [33, I8, [14], distributed linear programming [30], and applications to power
networks [26] [34} [35] and bargaining problems [31]. The work [23] shows an interesting
application of the saddle-point dynamics to find a common Lyapunov function for a
linear differential inclusion. In game theory, it is natural to study the convergence
properties of saddle-point dynamics to find the Nash equilibria of two-person zero-sum
games [3| 29]. A majority of these works assume the function whose saddle points
are sought to be convex-concave in its arguments. Our focus here instead is on the
asymptotic stability of the min-max saddle points under the saddle-point dynamics
for a wider class of functions, and without any nonnegativity-preserving projection on
individual variables. We explicitly allow for the possibility of a continuum of saddle
points, instead of isolated ones, and wherever feasible, on establishing convergence of
the trajectories to a point in the set. The issue of asymptotic convergence, even in
the case of standard gradient systems, is a delicate one when equilibria are a contin-
uum [I]. In such scenarios, convergence to a point might not be guaranteed, see e.g.,
the counter example in [28]. Our work here is complementary to [21], which focuses
on the characterization of the asymptotic behavior of the saddle-point dynamics when
trajectories do not converge to saddle points and instead show oscillatory behaviour.

Statement of contributions. Our starting point is the definition of the saddle-
point dynamics for continuously differentiable functions of two (vector) variables,
which we term saddle functions. The saddle-point dynamics consists of gradient de-
scent of the saddle function in the first variable and gradient ascent in the second
variable. Our objective is to characterize the asymptotic convergence properties of
the saddle-point dynamics to the set of min-max saddle points of the saddle function.
Assuming this set is nonempty, our contributions can be understood as a catalog of
complementary conditions on the saddle function that guarantee that the trajectories
of the saddle-point dynamics are proved to converge to the set of saddle points, and
possibly to a point in the set. We broadly divide our results in two categories, one in
which the saddle function has convexity-concavity properties and the other in which it
does not. For the first category, our starting result considers saddle functions that are
locally convex-concave on the set of saddle points. We show that asymptotic stability
of the set of saddle points is guaranteed if either the convexity or concavity prop-
erties are strict, and convergence is pointwise. Furthermore, motivated by equality
constrained optimization problems, our second result shows that the same conclusions
on convergence hold for functions that depend linearly on one of its arguments if the
strictness requirement is dropped. For the third and last result in this category, we
relax the convexity-concavity requirement and establish asymptotic convergence for
strongly jointly quasiconvex-quasiconcave saddle functions. Moving on to the second
category of scenarios, where functions lack convexity-concavity properties, our first
condition is based on linearization. We consider piecewise twice continuously differ-
entiable saddle-point dynamics and provide conditions on the eigenvalues of the limit
points of Jacobian matrices of the saddle function at the saddle points that ensure
local asymptotic stability of a manifold of saddle points. Our convergence analysis
is based on a general result of independent interest on the stability of a manifold
of equilibria for piecewise smooth vector fields that we state and prove using ideas
from center manifold theory. The next two results are motivated by the observation
that saddle functions exist in the second category that do not satisfy the linearization
hypotheses and yet have convergent dynamics. In one result, we justify convergence
by studying the variation of the function and its Hessian along the proximal normal
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directions to the set of saddle points. Specifically, we assume polynomial bounds for
these variations and derive an appropriate relationship between these bounds that
ensures asymptotic convergence. In the other result, we assume the saddle function
to be linear in one variable and indefinite in another, where the indefinite part satisfies
some appropriate regularity conditions. When discussing each of the above scenarios,
we extend the conditions to obtain global convergence wherever feasible. Our anal-
ysis is based on tools and notions from saddle points, stability analysis of nonlinear
systems, proximal normals, and center manifold theory. Various illustrative examples
throughout the paper justify the complementary character of the hypotheses in our
results.

Organization. Section [2 introduces notation and basic preliminaries. Section
presents the saddle-point dynamics and the problem statement. Section [ deals with
saddle functions with convexity-concavity properties. For the case when this property
does not hold, Section [ relies on linearization techniques, proximal normals, and the
linearity structure of the saddle function to establish convergence guarantees. Finally,
Section [B] summarizes our conclusions and ideas for future work.

2. Preliminaries. This section introduces basic notation and presents prelimi-
naries on proximal calculus and saddle points.

2.1. Notation. Welet R, R>¢, R<g, Ry and Z>; be the set of real, nonnegative
real, nonpositive real, positive real, and positive integer numbers, respectively. Given
two sets Ay, 42 CR™, welet Aj + Ay ={z+y |z € A,y € A}. We denote by
|| - || the 2-norm on R™ and also the induced 2-norm on R™*™. Let Bjs(x) represent
the open ball centered at x € R™ of radius § > 0. Given z € R", x; denotes the
i-th component of x. For vectors v € R" and w € R™, the vector (u;w) € R**™
denotes their concatenation. For A € R" ™ we use A > 0, A <0, A > 0, and
A < 0 to denote the fact that A is positive semidefinite, negative semidefinite, positive
definite, and negative definite, respectively. The eigenvalues of A are \;(A) for i €
{1,...,n}. If A is symmetric, Amax(A) and Apmin(A) represent the maximum and
minimum eigenvalues, respectively. The range and null spaces of A are denoted by
range(A), null(A), respectively. We use the notation C* for a function being k € Z>1
times continuously differentiable. A set S C R™ is path connected if for any two points
a,b € S there exists a continuous map v : [0, 1] — S such that v(0) = a and v(1) = b.
A set S, C S C R" is an isolated path connected component of S if it is path connected
and there exists an open neighborhood U of S, in R™ such that Yy NS = S.. For a
real-valued function F' : R” x R™ — R, we denote the partial derivative of F' with
respect to the first argument by V,F and with respect to the second argument by
V. F. The higher-order derivatives follow the convention V., F = %, Ve F = ‘g%?,
and so on. The restriction of f : R" — R™ to a subset S C R" is denoted by f|s.
The Jacobian of a C! map f : R® — R™ at x € R" is denoted by Df(z) € R™*".
For a real-valued function V : R™ — R and « > 0, we denote the sublevel set of V'
by V-1(<a) = {z € R" | V(z) < «}. Finally, a vector field f : R® — R" is said
to be piecewise C? if it is continuous and there exists (1) a finite collection of disjoint
open sets Dy, ...,D,, C R", referred to as patches, whose closure covers R", that is,
R™ = U™, cl(D;) and (2) a finite collection of C? functions {f; : D¢ — R"}™, where,
for each i € {1,...,m}, Df is open with cl(D;) C Df, such that fi.(p,) and f; take
the same values over cl(D;).



2.2. Proximal calculus. We present here a few notions on proximal calculus
following [11]. Given a closed set £ C R™ and a point x € R"\&, the distance from x
to & is,

2.1 de(z) = min ||z — y]|.
(2.1) e(z) r;lelgllx yl|

We let projg(x) denote the set of points in £ that are closest to z, i.e., projg(x) =
{yel|llz—yl| =de(x)} CE. Fory € projg(x), the vector x—1y is a prozimal normal
direction to £ at y and any nonnegative multiple ¢ = t(z—y), t > 0 is called a prozimal
normal (P-normal) to € at y. The distance function dg¢ might not be differentiable
in general (unless £ is convex), but is globally Lipschitz and regular [I1], p. 23]. For
a locally Lipschitz function f: R"™ — R, the generalized gradient 0f : R™ = R™ is

of(z) = co{_llm V() |z = a2 ¢ SUQT,

where co denotes convex hull, S C R" is any set of measure zero, and €2y is the set
(of measure zero) of points where f is not differentiable. In the case of the square of
the distance function, one can compute [II}, p. 99] the generalized gradient as,

(2.2) 9dg (x) = co{2(z —y) | y € proje(x)}.

2.3. Saddle points. Here, we provide basic definitions pertaining to the notion
of saddle points. A point (x., zx) € R" x R™ is a local min-maz saddle point of a con-
tinuously differentiable function F': R™ x R™ — R if there exist open neighborhoods
Uy, CR™ of z, and U,, C R™ of z, such that

(2.3) F(y,2) < F(2y,24) < F(x, 24),

for all z € U., and = € U,,. The point (z., z.) is a global min-maz saddle point of F
if U, = R™ and U,, = R™. Min-max saddle points are a particular case of the more
general notion of saddle points. We focus here on min-max saddle points motivated by
problems in constrained optimization and zero-sum games, whose solutions correspond
to min-max saddle points. With a slight abuse of terminology, throughout the paper
we refer to the local min-max saddle points simply as saddle points. We denote by
Saddle(F) the set of saddle points of F. From (2.3), for (z4,2.) € Saddle(F), the
point xz, € R™ (resp. z. € R™) is a local minimizer (resp. local maximizer) of the
map x — F(z, z.) (resp. z — F(x,,z)). Each saddle point is a critical point of F, i.e.,
V.F(1.,2,) =0and V,F(x.,2,) = 0. Additionally, if F'is C2, then V. F (T4, ) < 0
and V., F (x4, 24) = 0. Also, if Vo F(x4,24) < 0 and V,,F(x,,2,) = 0, then the
inequalities in are strict.

A function F : R" x R™ — R is locally convex-concave at a point (Z, 2) € R™ x R™
if there exists an open neighborhood U of (#,2) such that for all (Z,z) € U, the
functions « — F(x,%) and z — F(Z, z) are convex over U N (R™ x {z}) and concave
over U N ({Z} x R™), respectively. If in addition, either = — F(z,Z2) is strictly
convex in an open neighborhood of Z, or z — F(Z, z) is strictly concave in an open
neighborhood of Z, then F is locally strictly convez-concave at (Z, 2). F is locally (resp.
locally strictly) convex-concave on a set S C R™ x R™ if it is so at each point in S. F
is globally convex-concave if in the local definition «f = R™ x R™. Finally, F is globally
strictly convez-concave if it is globally convex-concave and for any (Z,z) € R"™ x R™,
either z — F(x, z) is strictly convex or z — F(Z, z) is strictly concave. Note that this
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notion is different than saying that F' is both strictly convex and strictly concave.

Next, we define strongly quasiconvex function following [22]. A function f : R™ —
R is strongly quasiconver with parameter s > 0 over a convex set D C R™ if for all
x,y € D and all A € [0, 1] we have,

max{f(2), f()} — FAz + (1= N)y) = sA1 = N)]|z - y||*.

A function f is strongly quasiconcave with parameter s > 0 over the set D if —f is
strongly quasiconvex with parameter s over D. A function F': R” x R™ — R is locally
jointly strongly quasiconvez-quasiconcave at a point (Z,Z) € R™ x R™ if there exist
s> 0 and an open neighborhood U of (Z, Z) such that for all (Z,Z) € U, the function
x — F(z,%) is strongly quasiconvex with parameter s over & N (R™ x {z}) and the
function z — F(Z, z) is strongly quasiconvex with parameter s over U N ({Z} x R™).
F is locally jointly strongly quasiconvex-quasiconcave on a set & C R™ x R™ if it is
so at each point in S. F' is globally jointly strongly quasiconvex-quasiconcave if in the
local definition & = R™ x R™.

3. Problem statement. Here we formulate the problem of interest in the paper.
Given a continuously differentiable function F': R™ x R™ — R, which we refer to as
saddle function, we consider its saddle-point dynamics, i.e., gradient-descent in one
argument and gradient-ascent in the other,

(3.1a) &= -V, F(z,2),
(3.1b) 2=V,F(x,2).

When convenient, we use the shorthand notation Xgp, : R" x R”™ — R™ x R™ to refer
to this dynamics. Our aim is to provide conditions on F' under which the trajectories
of its saddle-point dynamics locally asymptotically converge to its set of saddle
points, and possibly to a point in the set. We are also interested in identifying
conditions to establish global asymptotic convergence. Throughout our study, we
assume that the set Saddle(F') is nonempty. This assumption is valid under mild
conditions in the application areas that motivate our study: for the Lagrangian of the
constrained optimization problem [6] and the value function for zero-sum games [3].
Our forthcoming discussion is divided in two threads, one for the case of convex-
concave functions, cf. Sectionfd] and one for the case of general functions, cf. Section[5]
In each case, we provide illustrative examples to show the applicability of the results.

4. Convergence analysis for convex-concave saddle functions. This sec-
tion presents conditions for the asymptotic stability of saddle points under the saddle-
point dynamics (3.1) that rely on the convexity-concavity properties of the saddle
function.

4.1. Stability under strict convexity-concavity. Our first result provides
conditions that guarantee the local asymptotic stability of the set of saddle points.

PROPOSITION 4.1. (Local asymptotic stability of the set of saddle points via
convexity-concavity): For F : R™ x R™ — R continuously differentiable and lo-
cally strictly convez-concave on Saddle(F), each isolated path connected component
of Saddle(F') is locally asymptotically stable under the saddle-point dynamics Xgp
and, moreover, the convergence of each trajectory is to a point.

Proof. Let S be an isolated path connected component of Saddle(F') and take
(4, 2+) € S. Without loss of generality, we consider the case when = — F(x,z2,) is
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locally strictly convex (the proof for the case when z — F(x,2) is locally strictly
concave is analogous). Consider the function V' : R” x R™ — R,

_ 1 2 2
(4.1) Viw,2) = 5 (Il = o + 11z = 2]1),

which we note is radially unbounded (and hence has bounded sublevel sets). We
refer to V' as a LaSalle function because locally, as we show next, its Lie derivative
is negative, but not strictly negative. Let I be the neighborhood of (z., z.) where
local convexity-concavity holds. The Lie derivative of V' along the dynamics at
(x,2) € U can be written as,

(4.2) Lx, V(r,z)=—(z— 2.) ' VoF(x,2) + (2 — 2.) V. F(x, 2),
< F(xy,2) — F(x,2) + F(x,2) — F(x, 24),
= F(z4,2) — F(s, 24) + Fxs, 2:) — F(2,2.) <0,

where the first inequality follows from the first-order condition for convexity and
concavity, and the last inequality follows from the definition of saddle point. As
a consequence, for o > 0 small enough such that V=1(< a) C U, we conclude
that V~=!(< «) is positively invariant under Xg,. The application of the LaSalle
Invariance Principle [24] Theorem 4.4] yields that any trajectory starting from a
point in V(< a) converges to the largest invariant set M contained in {(z,2) €
Vi< a)| Lx, V(z,z) = 0}. Let (z,2) € M. From [.2), Lx_V(z,2) = 0 im-
plies that F(z.,2) = F(x., 2+) = F(2,2«). In turn, the local strict convexity of
x + F(x,z) implies that © = x,. Since M is positively invariant, the trajectory
t — (x(t), 2(t)) of Xy, starting at (x,z) is contained in M. This implies that along
the trajectory, for all t > 0, (a) z(t) = z. le., £(t) = VoF(z(t),2(t)) = 0, and (b)
F(zy,2(t)) = F(xy, 24). The later implies

0= Lx,, F(z:,2(t) = Xsp(s, 2()) - (0, VoF (24, 2(t))) = | Vo F (2(t), 2(1)) I,

for all t > 0. Thus, we get V. F(z,z) = 0 and V,.F(x,z) = 0. Further, since
(z,2) € U, local convexity-concavity holds over U, and S is an isolated component,
we obtain (z,z) € S, which shows M C S. Since (x4, z.) is arbitrary, the asymptotic
convergence property holds in a neighborhood of S. The pointwise convergence follows
from the application of Lemma O

The result above shows that each saddle point is stable and that each path con-
nected component of Saddle(F') is asymptotically stable. Note that each saddle point
might not be asymptotically stable. However, if a component consists of a single
point, then that point is asymptotically stable. Interestingly, a close look at the proof
of Proposition reveals that, if the assumptions hold globally, then the asymptotic
stability of the set of saddle points is also global, as stated next.

COROLLARY 4.2. (Global asymptotic stability of the set of saddle points via
convexity-concavity): For F: R x R™ — R continuously differentiable and globally
strictly convez-concave, Saddle(F') is globally asymptotically stable under the saddle-
point dynamics X, and the convergence of trajectories is to a point.

REMARK 4.3. (Relationship with results on primal-dual dynamics: I): Corol-
lary 2] is an extension to more general functions and less stringent assumptions of
the results stated for Lagrangian functions of constrained convex (or concave) op-
timization problems in [33, 2| [I7] and cost functions of differential games in [29].
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In [2, 7], for a concave optimization, the matrix V., F is assumed to be negative
definite at every saddle point and in [33] the set Saddle(F) is assumed to be a single-
ton. The work [29] assumes a sufficient condition on the cost functions to guarantee
convergence that in the current setup is equivalent to having V.. F' and V,, F' positive
and negative definite, respectively. °

4.2. Stability under convexity-linearity or linearity-concavity. Here we
study the asymptotic convergence properties of the saddle-point dynamics when the
convexity-concavity of the saddle function is not strict but, instead, the function de-
pends linearly on its second argument. The analysis follows analogously for saddle
functions that are linear in the first argument and concave in the other. The con-
sideration of this class of functions is motivated by equality constrained optimization
problems.

PROPOSITION 4.4. (Local asymptotic stability of the set of saddle points via
convexity-linearity): For a continuously differentiable function F : R™ x R™ — R, if

(i) F is locally convex-concave on Saddle(F') and linear in z,
(ii) for each (x.,z.) € Saddle(F), there exists a neighborhood U,, C R™ of x.
where, if F(x,z.) = F(2x, 2+) with x € Uy, , then (x, z,) € Saddle(F),
then each isolated path connected component of Saddle(F) is locally asymptotically
stable under the saddle-point dynamics X, and, moreover, the convergence of trajec-
tories is to a point.

Proof. Given an isolated path connected component S of Saddle(F), Lemma
implies that F|s is constant. Our proof proceeds along similar lines as those of Propo-
sition With the same notation, given (x,,z.) € S, the arguments follow ver-
batim until the identification of the largest invariant set M contained in {(z,z) €
V< a)| Lx,,V(z,z) =0}. Let (z,z) € M. From [{.2), Lx_,V(z,2) = 0 implies
F(zy,2) = F(2y,2.) = F(z,2.). By assumption [(ii)} this means (z,z.) € S, and by
assumption the linearity property gives V,F(x,z) = V,F(z, z,) = 0. Therefore
V.Fy = 0. For (z,2) € M, the trajectory t — (2(t), 2(t)) of X, starting at (z,2) is
contained in M. Consequently, z(t) = z for all ¢ € [0,00) and #(t) = =V, F(z(t), 2)
corresponds to the gradient dynamics of the (locally) convex function y — F(y, z).
Therefore, z(t) converges to a minimizer ' of this function, i.e., V, F(z',z) = 0.
Since V.Fjp; = 0, the continuity of V_F implies that V_.F(z',2z) = 0, and hence
(2',z) € S. By continuity of F, it follows that F(x(t),z) — F(2/,2) = F(Zu, 2s),
where for the equality we use the fact that Fis is constant. On the other hand, note
that 0 = Lx_ V(z(t),2) = —(2(t) — 2.) " Vo F(2(t), 2) < F(2.,2) — F(z(t), ) implies

F(z(t),2) < F(24,2) = F(x, 24),

for all ¢ € [0,00). Therefore, the monotonically nonincreasing sequence {F(z(t), z)}
converges to F(z., z.), which is also an upper bound on the whole sequence. This
can only be possible if F(x(t),z) = F(x«, 2.) for all ¢ € [0,00). This further implies
V.F(z(t),z) = 0 for all t € [0,00), and hence, (z,z) € S. Consequently, M C
S. Since (z4,2.) has been chosen arbitrarily, the convergence property holds in a
neighborhood of §. The pointwise convergence follows now from the application of
Lemma |

The assumption (ii) in the above result is a generalization of the local strict
convexity condition for the function F(-,z.). That is, (ii) allows other points in the
neighborhood of z. to have the same value of the function F'(-, z,) as that at ., as long
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as they are saddle points (whereas, under local strict convexity, ., is the local unique
minimizer of F(-,z,)). The next result extends the conclusions of Proposition
globally when the assumptions hold globally.

COROLLARY 4.5. (Global asymptotic stability of the set of saddle points via
convexity-linearity): For a C' function F : R" x R™ — R, if
(i) F is globally convez-concave and linear in z,

(i) for each (x.,z.) € Saddle(F), if F(z,z+) = F (x4, 2x), then (z, z.) € Saddle(F),

then Saddle(F') is globally asymptotically stable under the saddle-point dynamics Xy
and, moreover, convergence of trajectories is to a point.

EXAMPLE 4.6. (Saddle-point dynamics for convex optimization): Consider the
following convex optimization problem on R3,

(4.3a) minimize (21 + 22 + 73)?,
4.3b subject to x1 = xo.
( ]

The set of solutions of this optimization is {x € R? | 221 + 23 = 0,25 = 1}, with
Lagrangian

(4.4) L(z,2) = (z1 4+ x2 + 23)% + 2(x] — 29),

where z € R is the Lagrange multiplier. The set of saddle points of L (which
correspond to the set of primal-dual solutions to (4.3)) are Saddle(L) = {(z,z) €
R3 x R | 221 + o3 = 0,21 = w9, and z = 0}. However, L is not strictly convex-
concave and hence, it does not satisfy the hypotheses of Corollary While L is
globally convex-concave and linear in z, it does not satisfy assumption (ii) of Corol-
lary Therefore, to identify a dynamics that renders Saddle(L) asymptotically
stable, we form the augmented Lagrangian

(4.5) f/(x,z) = L(z,2) + (z1 — 22)?,

that has the same set of saddle points as L. Note that L is not strictly convex-concave
but it is globally convex-concave (this can be seen by computing its Hessian) and is
linear in z. Moreover, given any (., z.) € Saddle(L), we have L Xy, 24) = 0, and if
L(z,2.) = L(xy, z,) = 0, then (z, z,) € Saddle(L). By Corollary the trajectories
of the saddle-point dynamics of L converge to a point in S and hence, solve the
optimization problem . Figure illustrates this fact. Note that the point of

convergence depends on the initial condition. .

REMARK 4.7. (Relationship with results on primal-dual dynamics: II): The
work [I7, Section 4] considers concave optimization problems under inequality con-
straints where the objective function is not strictly concave but analyzes the conver-
gence properties of a different dynamics. Specifically, the paper studies a discontin-
uous dynamics based on the saddle-point information of an augmented Lagrangian
combined with a projection operator that restricts the dual variables to the nonneg-
ative orthant. We have verified that, for the formulation of the concave optimization
problem in [I7] but with equality constraints, the augmented Lagrangian satisfies the
hypotheses of Corollary implying that the dynamics X, renders the primal-dual
optima of the problem asymptotically stable. °
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Fic. 4.1. (a) Trajectory of the saddle-point dynamics of the augmented Lagrangian L in
for the optimization problem . The initial condition is (x,z) = (1,—2,4,8). The trajectory
converges to (—1.5,—1.5,3,0) € Saddle(L). (b) Evolution of the objective function of the optimiza-
tion along the trajectory. The value converges to the minimum, 0.

4.3. Stability under strong quasiconvexity-quasiconcavity. Motivated by
the aim of further relaxing the conditions for asymptotic convergence, we conclude
this section by weakening the convexity-concavity requirement on the saddle function.
The next result shows that strong quasiconvexity-quasiconcavity is sufficient to ensure
convergence of the saddle-point dynamics.

PROPOSITION 4.8. (Local asymptotic stability of the set of saddle points via
strong quasiconvexity-quasiconcavity): Let F : R™ x R™ — R be C? and the map
(z,2) — V. F(x,z) be locally Lipschitz. Assume that F is locally jointly strongly
quasiconvez-quasiconcave on Saddle(F'). Then, each isolated path connected compo-
nent of Saddle(F') is locally asymptotically stable under the saddle-point dynamics
Xsp and, moreover, the convergence of trajectories is to a point. Further, if ' is glob-
ally jointly strongly quasiconvez-quasiconcave and V., F is constant over R™ x R™,
then Saddle(F) is globally asymptotically stable under X, and the convergence of
trajectories is to a point.

Proof. Let (z4,2.) € S, where S is an isolated path connected component
of Saddle(F'), and consider the function V' : R™ x R™ — Rs( defined in (4.1
Let U be the neighborhood of (z.,z.) where the local joint strong quasiconvexity-
quasiconcavity holds. The Lie derivative of V' along the saddle-point dynamics at
(z,%) € U can be written as,
Lx, V(v,z)=—(r— 2,.) " VoF(z,2) + (2 — 2.) ' V.F(z, 2),
(4.6) = —(z —2.) VoF(2,2.) + (2 — 2.) "V.F(24,2) + My + My,

where

M, = —(x —x.) (Vo F(x,2) — V,F(x, 2.)),
My = (2 — 2) " (V.F(x,2) — V.F (24, 2)).
9



Writing
1
VoF(z,2) = Vi F(x,z,0) = / Vi F(x, 2 + (2 — 24)) (2 — 24)dt,
0

1
V.F(x,z) = V. F(2.,2) = / Vo F(zs + t(x — x4), 2)(x — z,)dt,
0

we get

My + My = (2 — Z*)T(/Ol (Voo F (s + t(x — 3,), 2)

= Vo F(x, 20 + (2 — z*)))dt> (x — )
(4.7) <z = z[(Lllz = 2| + Lllz = 2D |2 — ],

where in the inequality, we have used the fact that V., F' is locally Lipschitz with
some constant L > 0. From the first-order property of a strong quasiconvex function,
cf. Lemma there exist constants sq, s > 0 such that

(4.8a) —(z — 2,) Vo F(x,2,) < —s1 |z — 2],

(4.8b) (2 — 2) V. F (24, 2) < —52]|2 — 2%,

for all (x, z) € U. Substituting (4.7) and (4.8) into the expression for the Lie deriva-
tive (4.6)), we obtain

Lx,V(@,2) < =sille —@.]? = sallz — z|* + Ll — @ [Pllz — 2]l + Ll — @12 — 2]

To conclude the proof, note that if || z—z.|| < % and ||z—=.| < %, then Lx,, V (2, 2) <
0, which implies local asymptotic stability. The pointwise convergence follows from
Lemmal[A73] The global asymptotic stability can be reasoned using similar arguments
as above using the fact that here M; + M5 = 0 because V., F' is constant. O

In the following, we present an example where the above result is employed to
explain local asymptotic convergence. In this case, none of the results from Section [4.1]
and apply, thereby justifying the importance of the above result.

EXAMPLE 4.9. (Convergence for locally jointly strongly quasiconvex-quasiconcave
function): Consider F': R x R — R given by,

(4.9) Flz,2)=(2—e )14 ).

Note that F is C? and V.. F(z,z) = —dzze= e is locally Lipschitz. To see
this, note that the function =z +— ze~®" is bounded and is locally Lipschitz (as its
derivative is bounded). Further, the product of two bounded and locally Lipschitz
functions is locally Lipschitz [32], Theorem 4.6.3] and so, (z, 2) — V.. F(z, 2) is locally
Lipschitz. The set of saddle points of F' is Saddle(F') = {0}. Next, we show that

x— flx)=c — ™%, 5 > 0, is locally strongly quasiconvex at 0. Fix § > 0 and
let x,y € Bs(0) such that f(y) < f(x). Then, |y| < |z| and

max{f (), f(y)} — f(Az + (1 = N)y) — sA(1 = A)(z — y)*
= 02(—67962 + 67()\1:+(17)\)y)2) —sA1=X\)(z —y)?
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= cze_g”z(—l + e””Q_(’\”(l_/\)y)Q) — A1 = \)(z —y)?
> coe ™ (22 — Az + (1= Ny)2) — sA(1 — A)(z — y)?
= (1= M@ =) (c2e™ @+ ) + Az = p)leae™ —5)) >0,

for s < coe™%, given the fact that |y| < |z|. Therefore, f is locally strongly qua-
siconvex and so —f is locally strongly quasiconcave. Using these facts, we deduce
that I is locally jointly strongly quasiconvex-quasiconcave. Thus, the hypotheses of
Proposition are met, implying local asymptotic stability of Saddle(F') under the
saddle-point dynamics. Figure illustrates this fact in simulation. Note that F

does not satisfy the conditions outlined in results of Section [.1] and [£:2] o
0.4F
0.3r
0.2
0.1r
C'O 1 2 3 4 2 3 4
(a) (z,2) (b) (22 +2%)/2

Fi1c. 4.2. (a) Trajectory of the saddle-point dynamics for F given in (4.9). The initial condition
is (z,z) = (0.5,0.2). The trajectory converges to the saddle point (0,0). (b) Evolution of the function
V' along the trajectory.

5. Convergence analysis for general saddle functions. We study here the
convergence properties of the saddle-point dynamics associated to functions that are
not convex-concave. Our first result explores conditions for local asymptotic stability
based on the linearization of the dynamics and properties of the eigenstructure of the
Jacobian matrices. In particular, we assume that X, is piecewise C? and that the set
of limit points of the Jacobian of X, at any saddle point have a common kernel and
negative real parts for the nonzero eigenvalues. The proof is a direct consequence of
Proposition [A25]

PROPOSITION 5.1. (Local asymptotic stability of manifold of saddle points via
linearization — piecewise C® saddle function): Given F : R™ x R™ — R, let S C
Saddle(F) be a p-dimensional submanifold of saddle points. Assume that F is C!
with locally Lipschitz gradient on a neighborhood of S and that the vector field X, is
piecewise C2. Assume that at each (2., z2.) € S, the set of matrices A, C Rtmxntm
defined as

A= {klg{)lo DXy (xr, 21) | (2, 21) = (2, 2), (1, 21) € Rner\QXsp},

where Qx, is the set of points where X, is not differentiable, satisfies the following:
11



(i) there exists an orthogonal matriz Q € RVFMXnTm gych that
0 0
T = ~
(5.1) Q' AQ = [0 A] ,

for all A € A,, where A € Rvtm—pxntm—p
(ii) the nonzero eigenvalues of the matrices in A, have negative real parts,
(iii) there exists a positive definite matriz P € R"TM=PXntm=D gych that

ATP+PA<0,

for all A obtained by applying transformation on each A € A,.
Then, S is locally asymptotically stable under and the trajectories converge to
a point in S.
When F is sufficiently smooth, we can refine the above result as follows.

COROLLARY 5.2. (Local asymptotic stability of manifold of saddle points via
linearization — C* saddle function): Given F :R"™ x R™ — R, let S C Saddle(F) be a
p-dimensional manifold of saddle points. Assume F is C3 on a neighborhood of S and
that the Jacobian of Xy, at each point in S has no eigenvalues in the imaginary axis
other than 0, which is semisimple with multiplicity p. Then, S is locally asymptotically
stable under the saddle-point dynamics X, and the trajectories converge to a point.

Proof. Since F is C3, the map X, is C? and so, the limit point of Jacobian
matrices at a saddle point (z., z.) € S is the Jacobian at that point itself, that is,

—Va B =V, F

DXo =\ v .F v.F

(@,24)

From the definition of saddle point, we have V., F (2, z) = 0 and V. F (2, z.) < 0.
In turn, we obtain DXy, + DX < 0, and since Re(A\;(DXp)) < Amax (3 (DXsp +
DX,)) M, Fact 5.10.28], we deduce that Re(A;(DXs,)) < 0. The statement now
follows from Proposition [5.1] using the fact that the properties of the eigenvalues of
DX, shown here imply existence of an orthonormal transformation leading to a form
of DX, that satisfies assumptions (4)-(4i1) of Proposition d

Next, we provide a sufficient condition under which the Jacobian of X, for a
saddle function F' that is linear in its second argument satisfies the hypothesis of
Corollary regarding the lack of eigenvalues on the imaginary axis other than 0.

LEMMA 5.3. (Sufficient condition for absence of imaginary eigenvalues of the
Jacobian of Xp,): Let F: R" x R™ — R be C? and linear in the second argument.
Then, the Jacobian of X, at any saddle point (., z.) of F has no eigenvalues on the
imaginary azxis except for 0 if range(V .. F (24, z:)) Nnull(V 4 F (24, 24)) = {0}.

Proof. The Jacobian of X, at a saddle point (., z,) for a saddle function F that
is linear in z is given as

b, [ 4, 8]

—-BT 0
where A = =V, F (24, 2.) and B = =V, F (2, z.). We reason by contradiction. Let

iA, A # 0 be an imaginary eigenvalue of DX, with the corresponding eigenvector
a+1ib. Let a = (a1;a2) and b = (by;be) where aq,b; € R™ and ag,bs € R™. Then the
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real and imaginary parts of the condition DX,(a + ib) = (iA\)(a + ib) yield

Aaqi + Bas = —M\by, — BTal = —Abo,
(5.3) Aby + Bby = Aay, — BTb; = Aas.

Pre-multiplying the first equation of with a] gives a] Aay + a] Baz = —\a{ by.
Using the second equation of (5.2)), we get af Aa1 = —A(af b1 + aj bs). A similar
procedure for the set of equations in gives b] Aby = A(a{ by + ag by). These
conditions imply that a{ Aa; = —b] Ab;. Since A is negative semi-definite, we obtain
a1,b1 € null(A). Note that a1, by # 0, because otherwise it would mean that a = b = 0.
Further, using this fact in the first equations of and (5.3)), respectively, we get

Bag = —>\b17 Bb2 = )\al.

That is, a1, by € range(B), a contradiction. O

The following example illustrates an application of the above results to a noncon-
vex constrained optimization problem.

ExXAMPLE 5.4. (Saddle-point dynamics for nonconvex optimization): Consider
the following constrained optimization on R3,

(5.4a) minimize (||z|| — 1)?,
(5.4b) subject to x3 = 0.5,

where x = (21,72, 73) € R%. The optimizers are {z € R? | x3 = 0.5, 2% + 23 = 0.75}.
The Lagrangian L : R3 x R — R is given by

L(z,2) = (|l]| = 1) + 2(x3 — 0.5),

and its set of saddle points is the one-dimensional manifold Saddle(L) = {(x,z) €
R3 x R | 23 = 0.5, 22 + 2% = 0.75, 2 = 0}. The saddle-point dynamics of L takes the
form

1
5.5a g=-2(1—-—)z—1[0,0,2]",
(5.5a) ( ||xu) 0,0, 2]
(5.5b) 5 =25 —0.5.

Note that Saddle(L) is nonconvex and that L is nonconvex in its first argument on
any neighborhood of any saddle point. Therefore, results that rely on the convexity-
concavity properties of L are not applicable to establish the asymptotic convergence
of to the set of saddle points. This can, however, be established through
Corollary by observing that the Jacobian of X, at any point of Saddle(L) has
0 as an eigenvalue with multiplicity one and the rest of the eigenvalues are not
on the imaginary axis. To show this, consider (z.,z.) € Saddle(L). Note that
T
DXy (0, 24) — [ 22ﬂji T 063
that v € null(D Xy, (., 2.)) if and only if 2 [v1,v2,v3]T = 0, v3 = 0, and v4 = 0.
These three conditions define a one-dimensional space and so 0 is an eigenvalue of
DXy (x4, z.) with multiplicity 1. To show that the rest of eigenvalues do not lie on
the imaginary axis, we show that the hypotheses of Lemma [5.3| are met. At any
saddle point (z.,z.), we have V., L(2s,2.) = e3 and Vg L(zs,2.) = 2z]z.. If

], where e3 = [0,0,1]7. One can deduce from this
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v € range(V., L(7., 2.)) Nnull(Ve L(24, 24)) then v = [0,0,A\] T, A € R, and =] v = 0.
Since (x,)3 = 0.5, we get A = 0 and hence, the hypotheses of Lemma are satisfied.
Figure [5.1] illustrates in simulation the convergence of the trajectories to a saddle
point. The point of convergence depends on the initial condition. °

0.025

0.02

0.015

0.01

0.005

5b 160 150 0 50 100 150
(a) (z,2) (b) (z1 + w2 + x3)?

Fic. 5.1. (a) Trajectory of the saddle-point dynamics for the Lagrangian of the con-
strained optimization problem . The initial condition is (x,z) = (0.9,0.7,0.2,0.3). The tra-
jectory converges to (0.68,0.53,0.50,0) € Saddle(L). (b) Evolution of the objective function of the
optimization along the trajectory. The value converges to the minimum, 0.

There are functions that do not satisfy the hypotheses of Proposition [5.1] whose
saddle-point dynamics still seems to enjoy local asymptotic convergence properties.
As an example, consider the function F : R? x R — R,

(5.6) F(z,2) = (o]l = 1)* = 22[|=]1%,

whose set of saddle points is the one-dimensional manifold Saddle(F) = {(x,2) €
R? x R | [|z]| = 1,2 = 0}. The Jacobian of the saddle-point dynamics at any (x,z) €
Saddle(F) has —2 as an eigenvalue and 0 as the other eigenvalue, with multiplicity
2, which is greater than the dimension of S (and therefore Proposition cannot
be applied). Simulations show that the trajectories of the saddle-point dynamics
asymptotically approach Saddle(S) if the initial condition is close enough to this set.
Our next result allows us to formally establish this fact by studying the behavior of
the function along the proximal normals to Saddle(F).

PROPOSITION 5.5. (Asymptotic stability of manifold of saddle points via prox-
imal normals): Let F' : R™ x R™ — R be C? and S C Saddle(F) be a closed set.
Assume there exist constants Ay, k1, ka, 1,81 > 0 and Ly, L., as, B2 > 0 such that
the following hold

(i) either L, =0 or ay < ag + 1,

(i) either L, =0 or /1 < fa + 1,

(iii) for every (z.,z.) € S and every proximal normal n = (N, n,) € R™” x R™ to

S at (., z«) with ||n|| = 1, the functions

[0, A1) 2 A= F(xw + Ay, 24),
[0, A1) 2 A= Fxy, 24 + A1),
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are convex and concave, respectively, with

(5.7a) F(zy 4+ Mz, 24) — F(2n, 24) > k|| 2]
(5.7b) F(zy, 20 + An2) — Fxs,24) < —k2||/\nz||ﬁl,

and, for all X € [0, A\pr) and all t € [0,1],

(5.8) | VazF(zs + tANg, 26 + A02) — Vo F (4 + Ay, 24 + tA0,) ||
< L[ Ane[|** + LZ||/\772||ﬁ2-

Then, S is locally asymptotically stable under the saddle-point dynamics Xs,. More-
over, the convergence of the trajectories is to a point if every point of S is stable. The
convergence is global if, for every Ayr € R>q, there exist kq, k2, aq, B1 > 0 such that the
above hypotheses (i)-(iii) are satisfied by these constants along with L, = L, = 0.

Proof. Our proof is based on showing that there exists A € (0, A\ys] such that
the distance function ds decreases monotonically and converges to zero along the
trajectories of X, that start in S + B5(0). From (2.2]),

Od%(x,2) = co{2(x — T4; 2 — 2,) | (w4, 2) € Projg(z, 2)}.

Following [12], we compute the set-valued Lie derivative of d% along X, denoted
Lx,d%:R" xR™ = R, as
Lx,, d%(z,z) = co{—2(z — 2,) Vo F(z,2)+
2(2 — 2) ' VoF(2,2) | (24, 2.) € projs(z, 2)}.
Since d3% is globally Lipschitz and regular, cf. Section the evolution of the function

d% along any trajectory t — (z(t), z(t)) of (3.1) is differentiable at almost all t € Rxo,
and furthermore, cf. [I2] Proposition 10],

d

—(@5((t), (1) € Lx, d5(x(t), 2(1))

for almost all ¢ € R>o. Therefore, our goal is to show that max £ Xspd?s(x, z) < 0 for
all (z,z) € (§+ B5(0)) \ S for some A € (0, A\ps]. Let (x,2) € S+ By,,(0) and take
(24, 24) € projg(z,z). By definition, there exists a proximal normal 7 = (1., 7,) to
S at (24, 2«) with ||n|| = 1 and © = 2« + Az, 2 = 24 + Az, and A € [0, Aps). Let
2¢ € Lx,,d%(x, z) denote
(5.9) E=—(x—x.) VoF(z,2)+ (2 — 2.) ' V.F(x, 2).
Writing
1
VoF(z,2) =V F(x,2,) + / VeaF (2, 20 + (2 — 24)) (2 — 2z4)dt,
0

1
V.F(z,z) =V,F(xy,2) + / Ve F(zs +t(x — x4), 2)(x — z4)dt,
0
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and substituting in (5.9) we get
(5.10) €= —(z —2.) Vo F(x,2.) + (2 — 2:) "V F (24, 2) + (2 — 2.) M (x — ),

where M = fol(VmF(:r* +t(x — xy),2) — Ve, F(x, 20 + t(z — 2.)))dt. Using the
convexity and concavity along the proximal normal and applying the bounds ,
we obtain

(511a)  —(r— ) VoF(2,2) < Fle.,2,) - Fle,2) < kA,

<F
(5.11b) (2 — 22) Vo F(24,2) < F(24,2) — F(24, 2) < —ka| M|
On the other hand, using (5.8), we bound M by

(5.12) IMI| < Lo || Xma (12 + LA 7.

Using (5.11)) and (5.12) in , and rearranging the terms yields
€< (<hal Ml + Lol Ana |°2 I N: ) + (<kallAna |7 + La [ Xz 724 A ).

If L, = 0, then the first parenthesis is negative whenever \n, # 0 (i.e., x # x,).
If L, # 0 and o7 < ag + 1, then for ||An,]| < 1 and ||An.|| < min(1,%;/L,), the
first parenthesis is negative whenever An, # 0. Analogously, the second parenthesis
is negative for z # z, if either L, = 0 or 81 < B2 + 1 with ||An,|| < 1 and [|An,|| <
min(1, ke/L,). Thus, if A < min{1, k1/Ly, ko/L.} (excluding from the min operation
the elements that are not well defined due to the denominator being zero), then
hypotheses |(1)H(ii)| imply that £ < 0 whenever (z,2) # (z4,2.). Moreover, since
(2, 2:) € projg(w, z) was chosen arbitrarily, we conclude that max Lx_ d%(z,z) < 0
for all (x,2) € S + By(0) where A € (0, A\y/] satisfies A\ < min{1,k; /L, ko/L.}. This
proves the local asymptotic stability. Finally, convergence to a point follows from
Lemma and global convergence follows from the analysis done above. O

Intuitively, the hypotheses of Proposition [5.5] imply that along the proximal nor-
mal to the saddle set, the convexity (resp. concavity) in the x-coordinate (resp.
z-coordinate) is ‘stronger’ than the influence of the z- and z-dynamics on each other,
represented by the off-diagonal Hessian terms. When this coupling is absent (i.e.,
V..F = 0), the z- and z-dynamics are independent of each other and they func-
tion as individually aiming to minimize (resp. maximize) a function of one variable,
thereby, reaching a saddle point. Note that the assumptions of Proposition do
not imply that F' is locally convex-concave. As an example, the function in is
not convex-concave in any neighborhood of any saddle point but we show next that it
satisfies the assumptions of Proposition [5.5] establishing local asymptotic convergence
of the respective saddle-point dynamics.

EXAMPLE 5.6. (Convergence analysis via proximal normals): Consider the func-
tion F defined in (5.6). Consider a saddle point (2., z,) = (cos,sin6,0) € Saddle(F),
where 6 € [0, 27). Let

n = (Nz,n.) = ((a1 cosb,ay sinh), as),

with a1,a2 € R and a? + a3 = 1, be a proximal normal to Saddle(F) at (z., zs).
Note that the function A\ — F(z. + A1, 2+) = (Map)?* is convex, satisfying (5.7a))
with k1 = 1 and oy = 4. The function A\ — F(z, 2z« + A\,) = —(A\ag)? is concave,
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satisfying (5.7b)) with ks = 1, 81 = 2. Also, given any A\j; > 0 and for all ¢ € [0, 1],

we can write

IVerF (s + tANz, 2 + M2) — Vo F(2h + ANz, 24 + 120, ||
= —4(Xa2)(1 + thay) (Cose) + 4(thaz) (1 + Aay) (COSQ) Il,

sin 6 sin 6

< [[4(Aa2)(1 + thar) — 4(tAaz)(1 + Aa1) |,
< 8(1 4+ Aap)(Mag) < L.(Aas),

for A < Aps, where L, = 8(1 + Apraq). This implies that L, =0, L, # 0 and f2 = 1.
Therefore, hypotheses (i)-(iii) of Proposition are satisfied and this establishes
asymptotic convergence of the saddle-point dynamics. Figure illustrates this fact.
Note that since L, # 0, we cannot guarantee global convergence. .

B —
o]

-1.5r

0 1 2 3 4 5 0 1 2 3 4 5
(a) (z,2) (b) F

Fic. 5.2. (a) Trajectory of the saddle-point dynamics for the function defined by . The
wnitial condition is (z,z) = (0.1,0.2,4). The trajectory converges to (0.49,0.86,0) € Saddle(F).
(b) Ewvolution of the function F along the trajectory. The value converges to 0, the value that the
function takes on its saddle set.

Interestingly, Propositions[5.1]and [5.5 complement each other. The function
satisfies the hypotheses of Proposition but not those of Proposition Con-
versely, the Lagrangian of the constrained optimization satisfies the hypotheses
of Proposition but not those of Proposition [5.5)

In the next result, we consider yet another scenario where the saddle function
might not be convex-concave in its arguments but the saddle-point dynamics converges
to the set of equilibrium points. As a motivation, consider the function F' : RxR — R,
F(z,2) = 2% The set of saddle points of F' are Saddle(F) = R<g x {0}. One can
show that, at the saddle point (0,0), neither the hypotheses of Proposition nor
those of Proposition [5.5] are satisfied. Yet, simulations show that the trajectories of
the dynamics converge to the saddle points from almost all initial conditions in R?2,
see Figure [5.3] below. This asymptotic behavior can be characterized through the
following result which generalizes [23] Theorem 3].

PROPOSITION 5.7. (Global asymptotic stability of equilibria of saddle-point dy-
namics for saddle functions linear in one argument): For F : R™ x R™ — R, assume
the following form F(z,z) = g(z) "z, where g : R™ — R™ is C'. Assume that there
exists (Tx, z«) € Saddle(F') such that

(i) F(xs,2:) > F(xx,2) for all z € R™,

(i3) for any z € R™, the condition g(z) " x. = 0 implies g(z) =0,
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(i11) any trajectory of Xy is bounded.
Then, all trajectories of the saddle-point dynamics X, converge asymptotically to the
set of equilibrium points of Xsp.

Proof. Consider the function V : R™ x R™ — R,

V(z,2) = —x] .
The Lie derivative of V' along the saddle-point dynamics X, is
(5.13) Lx,V(z,z)= ) Vo F(z,2) = 2] g(2) = F(xs,2) < F(x4, 2.) = 0,

where in the inequality we have used assumption and F(z., z.) = 0 is implied by
the definition of the saddle point, that is, V,F (x4, z.) = g(z«) = 0. Now consider
any trajectory t — (x(t), 2(t)), (2(0), 2(0)) € R™ x R™ of Xg,. Since the trajectory is
bounded by assumption the application of the LaSalle Invariance Principle [24]
Theorem 4.4] yields that the trajectory converges to the largest invariant set M
contained in {(z,z) € R" x R™ | Lx, V(x,z) = 0}, which from is equal
to the set {(z,2) € R™ x R™ | F(x4,2) = 0}. Let (z,2) € M. Then, we have
F(z4,2) = g(2) "z« = 0 and by hypotheses we get g(z) = 0. Therefore, if
(x,2) € M then g(z) = 0. Consider the trajectory t — (z(t),z(t)) of Xy, with
(2(0), 2(0)) = (x, z) which is contained in M. Then, along the trajectory we have

#(t) = =V F(x(t), 2(t) = —g(2(1)) = 0

Further, note that along this trajectory we have g(z(¢)) = 0 for all ¢ > 0. Thus,
%g(z(t)) = 0 for all £ > 0, which implies that

L 9(:(1)) = Dy(=(0))2() = Dg(=(1)) Dg(=(1)) T = 0.

From the above expression we deduce that Z(t) = Dg(z(t))"@ = 0. This can be
seen from the fact that Dg(z(t))Dg(z(t)) Tz = 0 implies 2" Dg(z(t))Dg(z(t)) Tz =
(Dg(2(t))Tx)? = 0. From the above reasoning, we conclude that (z,2) is an equilib-
rium point of Xgp,. O

The proof of Proposition hints at the fact that hypothesis (ii) can be omitted
if information about other saddle points of F' is known. Specifically, consider the case
where n saddle points (JL(.}), zﬁl)), ol (Jcin), zin)) of F exist, each satisfying hypothesis
(i) of Proposition and such that the vectors xil), ey xin) are linearly independent.
In this scenario, for those points z € R™ such that g(z)Tsz) =0forallie{l,...,n}
(as would be obtained in the proof), the linear independence of (s already implies
that ¢g(z) = 0, making hypothesis (ii) unnecessary.

COROLLARY 5.8. (Almost global asymptotic stability of saddle points for saddle
functions linear in one argument): If, in addition to the hypotheses of Proposition
the set of equilibria of X, other than those belonging to Saddle(F') are unstable, then
the trajectories of X, converge asymptotically to Saddle(F') from almost all initial
conditions (all but the unstable equilibria). Moreover, if each point in Saddle(F) is
stable under X, then Saddle(F) is almost globally asymptotically stable under the
saddle-point dynamics X, and the trajectories converge to a point in Saddle(F).

Next, we illustrate how the above result can be applied to the motivating example
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given before Proposition [5.7] to infer almost global convergence of the trajectories.

EXAMPLE 5.9. (Convergence for saddle functions linear in one argument): Con-
sider again F(z,z) = 222 with Saddle(F) = {(z,2) e Rx R |z <0 and 2z = 0}. Pick
(24, 2+) = (=1,0). One can verify that this saddle point satisfies the hypotheses |(i)|
and of Proposition Moreover, along any trajectory of the saddle-point dy-
namics for F, the function z2? + Z—; is preserved, which implies that all trajectories
are bounded. One can also see that the equilibria of the saddle-point dynamics that
are not saddle points, that is the set Rso x {0}, are unstable. Therefore, from Corol-
lary [5-8] we conclude that the trajectories of the saddle-point dynamics asymptotically
converge to the set of saddle points from almost all initial conditions. Figure il-

lustrates these observations. °
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8 150 //ilr/g—taq—\\\\\
6 osl ¥ 7 / »»»»» > LSRN
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(a) (=, 2) (b) F (c) Vector field Xp,

FIG. 5.3. (a) Trajectory of the saddle-point dynamics for the function F(x,z) = xz%. The
initial condition is (z,z) = (5,5). The trajectory converges to (—6.13,0) € Saddle(F). (b) Evolution
of the function F' along the trajectory. The value converges to 0, the value that the function takes
on its saddle set. (c) The vector field Xsp, depicting that the set of saddle points are attractive while
the other equilibrium points Rso x {0} are unstable.

6. Conclusions. We have studied the asymptotic stability of the saddle-point
dynamics associated to a continuously differentiable function. We have identified a
set of complementary conditions under which the trajectories of the dynamics are
proved to converge to the set of saddle points of the saddle function and, wherever
feasible, we have also established global stability guarantees and convergence to a
point in the set. Our first class of convergence results is based on the convexity-
concavity properties of the saddle function. In the absence of these properties, our
second class of results explore, respectively, the existence of convergence guarantees
using linearization techniques, the properties of the saddle function along proximal
normals to the set of saddle points, and the linearity properties of the saddle function
in one variable. For the linearization result, borrowing ideas from center manifold
theory, we have established a general stability result of a manifold of equilibria for a
piecewise twice continuously differentiable vector field. Several examples throughout
the paper highlight the connections among the results and illustrate their applica-
bility, in particular, for finding the primal-dual solutions of constrained optimization
problems. Future work will study the robustness properties of the dynamics against
disturbances, investigate the characterization of the rate of convergence, generalize
the results to the case of nonsmooth functions (where the associated saddle-point dy-
namics takes the form of a differential inclusion involving the generalized gradient of
the function), and explore the application to optimization problems with inequality
constraints. We also plan to build on our results to synthesize distributed algorithmic
solutions for various networked optimization problems in power networks.

19



(1]
2]
(3]

[4]
(5]

[6]

30]

(31]

REFERENCES

P.-A. ABsiL AND K. KURDYKA, On the stable equilibrium points of gradient systems, Systems
& Control Letters, 55 (2006), pp. 573-577.

K. ArRrow, L. HURWITZ, AND H. Uzawa, Studies in Linear and Non-Linear Programming,
Stanford University Press, Stanford, California, 1958.

T. BASAR AND G. OLDSER, Dynamic Noncooperative Game Theory, Academic Press, 1982.

D. S. BERNSTEIN, Matrixz Mathematics, Princeton University Press, Princeton, NJ, 2005.

S. P. Buar AND D. S. BERNSTEIN, Nontangency-based Lyapunov tests for convergence and
stability in systems having a continuum of equilibria, STAM Journal on Control and Opti-
mization, 42 (2003), pp. 1745-1775.

S. BoYyD AND L. VANDENBERGHE, Conver Optimization, Cambridge University Press, 2004.

J. CARR, Applications of Centre Manifold Theory, Springer, New York, 1982.

A. CHERUKURI AND J. CORTES, Asymptotic stability of saddle points under the saddle-point
dynamics, in American Control Conference, Chicago, IL, July 2015, pp. 2020-2025.

A. CHERUKURI, E. MALLADA, AND J. CORTES, Asymptotic convergence of primal-dual dynam-
ics, Systems & Control Letters, 87 (2016), pp. 10-15.

F. H. CLARKE, Optimization and Nonsmooth Analysis, Canadian Mathematical Society Series
of Monographs and Advanced Texts, Wiley, 1983.

F. H. CLARKE, Y. LEDYAEV, R. J. STERN, AND P. R. WOLENSKI, Nonsmooth Analysis and
Control Theory, vol. 178 of Graduate Texts in Mathematics, Springer, 1998.

J. CorrtEs, Discontinuous dynamical systems - a tutorial on solutions, monsmooth analysis,
and stability, IEEE Control Systems Magazine, 28 (2008), pp. 36-73.

R. DORFMAN, P. A. SAMUELSON, AND R. SOLOW, Linear programming in economic analysis,
McGraw Hill, New York, Toronto, and London, 1958.

G. DROGE AND M. EGERSTEDT, Proportional integral distributed optimization for dynamic
network topologies, in American Control Conference, Portland, OR, June 2014, pp. 3621—
3626.

J. DucunpJ1, Topology, Allyn and Bacon, Inc., Boston, MA, 1966.

H. B. DURR AND C. EBENBAUER, A smooth vector field for saddle point problems, in IEEE
Conf. on Decision and Control, Orlando, Florida, Dec. 2011, pp. 4654—4660.

D. FEJER AND F. PAGANINI, Stability of primal-dual gradient dynamics and applications to
network optimization, Automatica, 46 (2010), pp. 1974-1981.

B. GHARESIFARD AND J. CORTES, Distributed continuous-time convex optimization on weight-
balanced digraphs, IEEE Transactions on Automatic Control, 59 (2014), pp. 781-786.

D. HENRY, Geometric Theory of Semilinear Parabolic Equations, vol. 840 of Lecture Notes in
Mathematics, Springer, New York, 1981.

W. M. HIRSCH AND S. SMALE, Differential Equations, Dynamical Systems and Linear Algebra,
Academic Press, 1974.

T. HOLDING AND I. LESTAS, On the convergence of saddle points of concave-convex functions,
the gradient method and emergence of oscillations, in IEEE Conf. on Decision and Control,
Los Angeles, CA, 2014, pp. 1143-1148.

M. V. JovaNovIC, A note on strongly convex and quasiconvez functions, Mathematical Notes,
60 (1996), pp. 584-585.

V. A. KAMENETSKIY AND Y. S. PYATNITSKIY, An iterative method of lyapunov function con-
struction for differential inclusions, Systems & Control Letters, 8 (1987), pp. 445-451.

H. K. KHALIL, Nonlinear Systems, Prentice Hall, 3 ed., 2002.

T. KosE, Solutions of saddle value problems by differential equations, Econometrica, 24 (1956),
pp. 59-70.

X. MA AND N. ELIA, A distributed continuous-time gradient dynamics approach for the active
power loss minimizations, in Allerton Conf. on Communications, Control and Computing,
Monticello, IL, Oct. 2013, pp. 100—106.

A. NEDIC AND A. OZDAGLAR, Subgradient methods for saddle-point problems, Journal of Opti-
mization Theory & Applications, 142 (2009), pp. 205-228.

J. PaL1s, JR. AND W. DE MELO, Geometric Theory of Dynamical Systems, Springer, New York,
1982.

L. J. RATLIFF, S. A. BURDEN, AND S. S. SASTRY, Characterization and computation of local
Nash equilibrium in continuous games, in Allerton Conf. on Communications, Control and
Computing, Monticello, IL, Oct. 2013.

D. RICHERT AND J. CORTES, Robust distributed linear programming, IEEE Transactions on
Automatic Control, 60 (2015), pp. 2567-2582.

———, Distributed bargaining in dyadic-exchange networks, IEEE Transactions on Control of

20



Network Systems, 3 (2016). To appear.

[32] H. H. SOHRAB, Basic Real Analysis, Birkhauser, Boston, MA, 2003.

[33] J. WANG AND N. ELIA, A control perspective for centralized and distributed convex optimization,
in IEEE Conf. on Decision and Control, Orlando, Florida, 2011, pp. 3800-3805.

[34] X. ZHANG AND A. PAPACHRISTODOULOU, A real-time control framework for smart power net-
works with star topology, in American Control Conference, Washington, DC, June 2013,
pp. 5062-5067.

[35] C. Zuao, U. Toprcu, N. L1, AND S. Low, Design and stability of load-side primary frequency
control in power systems, IEEE Transactions on Automatic Control, 59 (2014), pp. 1177—
1189.

Appendix. This section contains some auxiliary results for our convergence anal-
ysis in Sections [4 and [5} Our first result establishes the constant value of the saddle
function over its set of (local) saddle points.

LEMMA A.1. (Constant function value over saddle points): For F : R xR™ — R
continuously differentiable, let S C Saddle(F') be a path connected set. If F is locally
convex-concave on S, then F\s 1is constant.

Proof. We start by considering the case when S is compact. Given (z,z) € S,
let 6(z,z) > 0 be such that Bs .y(z,2) C Uy x U.) NU, where U, and U, are
neighborhoods where the saddle property (2.3) holds and U is the neighborhood of
(2, z) where local convexity-concavity holds (cf. Section [2.3). This defines a covering
of § by open sets as

§cC U(z,z)ESBfS(a:,z) (33, Z)

Since S is compact, there exist a finite number of points (21, z1), (%2, 22), . . ., (Tn, 2n)
in S such that U{_, Bj(g, -,) (s, 2;) covers S. For convenience, denote Bs(,, .,)(Zi, %)
by B;. Next, we show that Fisnp, is constant for all i € {1,...,n}. To see this, let
(z,2) € SN B;. From (2.3)), we have

(Al) F(Z‘i,f) < F(mi,zi) < F(a’c,z,)

From the convexity of x — F(x,Zz) over U N (R™ x {z}), (cf. definition of local
convexity-concavity in Section , and the fact that V,F(Z,z) = 0, we obtain
F(x;,2) > F(2,2) + (v; — 2) 'V, F(Z,2) = F(Z,%). Similarly, using the concavity of
z+— F(z,2), we get F(Z,z;) < F(Z,z). These inequalities together with yield

F(xi,zi) < F(i‘,zz) < F(i‘,g) < F(J?i,z) < F(xi,zi).

That is, F(z,z) = F(x;,2) and hence F|gnp, is constant. Using this reasoning, if
SNB;NB; # () for any 4,5 € {1,...,n}, then Fisnp,up,) is constant. Using that S is
path connected, the fact [I5] p. 117] states that, for any two points (x;, 21), (Xm, 2m) €
S, there exist distinct members i1, 49, . ..,i; of the set {1,...,n} such that (z;,2;) €
SNBi,, (Tm,2m) € SN B, and SNB;, N By, # 0 forallt e {1,...,k—1}. Hence,
we conclude that Fjs is constant. Finally, in the case when & is not compact, pick
any two points (2, 2;), (Tm, 2m) € S and let v : [0,1] — S be a continuous map with
v(0) = (x1,2;) and v(1) = (@m, 2m) denoting the path between these points. The
image ([0, 1]) C S is closed and bounded, hence compact, and therefore, Fj 0,1}y is
constant. Since the two points are arbitrary, we conclude that F|s is constant. 0
The difficulty in Lemma arises due to the local nature of the saddle points (the
result is instead straightforward for global saddle points). The next result provides a
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first-order condition for strongly quasiconvex functions.

LEMMA A.2. (First-order property of a strongly quasiconvex function): Let
f:R® = R be a C' function that is strongly quasiconvex on a convex set D C R™.
Then, there exists a constant s > 0 such that

(A.2) f@) < fly) = Vi) (z—y) < —sllz -yl

for any x,y € D.

Proof. Cousider z,y € D such that f(x) < f(y). From strong quasiconvexity we
have f(y) > f(Az 4+ (1 — N)y) + sA(1 — A)||z — y||?, for any A € [0, 1]. Rearranging,

(A.3) FOz 4 (1= Ny) = f(y) < —sA(1 = N)[|lz — |

On the other hand, the Taylor’s approximation of f at y yields the following equality
at point y + A(z — y), which is equal to Az + (1 — \)y, as

FOx+ 1 =Ny) = f) =Vi) Qx4+ 1 -Ny—y) + 90z + (1 - Ny —y)
(A.4) = AVf(y) (z—y) +9(\(z —y)),

. . . Nz— . .

for some function g with the property limy_,q M = 0. Using (A.4) in (A.3),
dividing by A, and taking the limit A — 0 yields the result. O

The next result is helpful when dealing with dynamical systems that have non-
isolated equilibria to establish the asymptotic convergence of the trajectories to a
point, rather than to a set.

LEMMA A.3. (Asymptotic convergence to a point [5, Corollary 5.2]): Consider
the nonlinear system

(A.5) a(t) = f(x(t)), 2(0) = o,

where f : R™ — R"™ is locally Lipschitz. Let W C R™ be a compact set that is
positively invariant under (A.5) and let £ C W be a set of stable equilibria. If a
trajectory t — x(t) of th xo € W satisfies limy_, o0 de(z(t)) = 0, then the
trajectory converges to a point in .

Finally, we establish the asymptotic stability of a manifold of equilibria through
linearization techniques. We start with a useful intermediary result.

LEMMA A.4. (Limit points of Jacobian of a piecewise C? function): Let f : R™ —
R™ be piecewise C2. Then, for every x € R™, there exists a finite index set T, C Z>1
and a set of matrices { Ay ; € R"*"},ez, such that

(A6) {Azﬂ | 1€ IT} = {khm Df(l’k) | T — T, Tk € R" \Qf},
—00

where 1y is the set of points where f is not differentiable.

Proof. Since f is piecewise C2, cf. Section let Dy,...,Dy C R™ be the finite
collection of disjoint open sets such that f is C? on D; for each i € {1,...,m} and
R™ = U, cl(D;). Let x € R™ and define Z,, = {i € {1,...,m} | x € cl(D;)} and
Ay = {limyoo Df(xg) | 2 — x, 2 € D;}. Note that A, ; is uniquely defined for
each i as, by definition, fic(p,) is C?. To show that holds for the above defined
matrices, first note that the set {A,, | i € Z,} is included in the right hand side
of by definition. In order to show the other inclusion, consider any sequence
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{zx}32, CR™\ Qy with z; — x. One can partition this sequence into subsequences,
each contained in one of the sets D;, i € Z, and each converging to x. Therefore, the
limit limy_ 00 Df(x) is contained in the set {4, ;}icz,, proving the other inclusion
and hence yielding . Note that, in the nonsmooth analysis literature [I0, Chapter
2], the convex hull of the set of matrices {A, ;}iez, is referred to as the generalized
Jacobian of f at x. O

The following statement is an extension of [19, Exercise 6] to vector fields that
are only piecewise twice continuously differentiable. Its proof is inspired, but cannot
be directly implied from, center manifold theory [7].

PROPOSITION A.5. (Asymptotic stability of a manifold of equilibrium points for
piecewise C? vector fields): Consider the system

(A7) &= f(x),

where f : R® — R" is piecewise C* and locally Lipschitz in a neighborhood of a p-
dimensional submanifold of equilibrium points € C R™ of (A.7). Assume that at each
z. € &, the set of matrices { Ay, i}iez,, from Lemma satisfy:

(i) there exists an orthogonal matriz Q@ € R™*"™ such that, for alli € T, _,
0 0
T . = ~
Q Aﬁ?*ﬂQ |:0 Ax*,i:| 9

where /Lc*,, € Rr=Pxn=P
(ii) the eigenvalues of the matrices { Ay, i}iez,, have negative real parts,
(iii) there exists a positive definite matriz P € R"™P*"~P gych that

Al ;P+PA, ;=0, forali€T,, ...

Then, £ is locally asymptotically stable under and the trajectories converge to
a point in E.

Proof. Our strategy to prove the result is to linearize the vector field f on each of
the patches around any equilibrium point and employ a common Lyapunov function
and a common upper bound on the growth of the second-order term to establish the
convergence of the trajectories. This approach is an extension of the proof of [24]
Theorem 8.2], where the vector field f is assumed to be C? everywhere. Let z, € &.
For convenience, translate x, to the origin of . We divide the proof in its various
parts to make it easier to follow the technical arguments.

Step I: linearization of the vector field on patches around the equilibrium point.
From Lemma[A4] define Zo = {i € {1,...,m} | 0 € cl(D;)} and matrices {Aq,;}icz,
as the limit points of the Jacobian matrices. From the definition of piecewise C?
function, there exist C? functions {f; : D¢ — R"};ez, with D¢ open such that with
cl(D;) C Df and the maps flcyp,) and f; take the same value over the set cl(D;). Note
that 0 € Dy for every ¢ € Zy. By definition of the matrices {Ag ;}icz,, we deduce
that Df;(0) = Ay, for each i € Zy. Therefore, there exists a neighborhood Ny C R™
of the origin and a set of C? functions {g; : R* — R"};cz, such that, for all i € Ty,
fi(z) = Aoz + gi(z), for all © € Ny N D, where

(A.8) gi(0)=0 and %‘j;(m:o
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Without loss of generality, select My such that Ny N D; is empty for every ¢ € Z.
That is, Usez, (Mo N cl(D;)) contains a neighborhood of the origin. With the above
construction, the vector field f in a neighborhood around the origin is written as

(A.9) f(x) = fi(z) = Ag px + gi(z), for all x € Ny Ncl(D;), i € Iy,

where for each i € Zy, g; satisfies (A.8]).

Step II: change of coordinates. Subsequently, from hypothesis (i), there exists
an orthogonal matrix @) € R"*"  defining an orthonormal transformation denoted by
To : R" = R", 2 — (u,v), that yields the new form of (A.9)) as

(A.10) m = [g A(;J m + B;EZZH , for all (u,v) € To(No Ncl(Dy)), i € To,

where for each i € 7, the matrix flo,i has eigenvalues with negative real parts (cf.
hypothesis (ii)) and for each i € Zy and k € {1,2} we have

93 03;
Jik(0,0)=0, and ik

Al G 1(0,0) =0,
(A1) gx(0,0) =0, - -

(0,0) =0.

With a slight abuse of notation, denote the manifold of equilibrium points in the
transformed coordinates by & itself, i.e., & = To(£). From (A.I0), we deduce that
the tangent and the normal spaces to the equilibrium manifold £ at the origin are
{(u,v) € R? x R*? | v = 0} and {(u,v) € R? x R"P | u = 0}, respectively.
Due to this fact and since £ is a submanifold of R™, there exists a smooth function
h : R? — R™? and a neighborhood U C To(Ny) C R™ of the origin such that for any
(u,v) €U, v = h(u) if and only if (u,v) € £ENU. Moreover,

0
(A.12) h(0) =0 and 9 (0) = 0.
Now, consider the coordinate w = v — h(u) to quantify the distance of a point (u,v)
from the set £ in the neighborhood Y. To conclude the proof, we focus on showing
that there exists a neighborhood of the origin such that along a trajectory of
initialized in this neighborhood, we have w(t) — 0 and (u(t), h(u(t))) € U at all £ > 0.
In (u,w)-coordinates, over the set U, the system reads as

(A.13)
m - {8 A(;J m * B;EZZH , for (u,w + h(u)) € UN To(c(Dy)), i € Lo,

where g;1(u,w) = i1 (u,w + h(w)) and Gio(u,w) = Agih(u) + Gia(u,w + h(u)) —
%(u) (i (u,w + h(w))). Further, the equilibrium points £ NU in these coordinates
are represented by the set of points (u,0), where u satisfies (u, h(u)) € ENU. These

facts, along with the conditions on the first-order derivatives of g; 1, g;,2 in (A.11]) and
that of h in (A.12)) yield

9Gik
A14 Gi v (u,0) = 0 and 225 (0. 0) = 0,
(A14) 3(,0) = 0 and 222 0,
for all i € Zy and k € {1,2}. Note that the functions g;; and g;» are C%. This
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implies that, for small enough € > 0, we have ||g; x(u, w)|| < M; x||wl|, for k € {1, 2},
i € Iy, and (u,w) € Bc(0), where the constants {M; r }icz, kef1,2) C R>o can be made
arbitrarily small by selecting smaller €. Defining M, = max{M, . | i € Zp, k € {1,2}},

(A.15) 1Gs.k (e, w)|| < Me|w]), for k € {1,2} and i € Zp.

Step III: Lyapunov analysis. With the bounds above, we proceed to carry out the
Lyapunov analysis for (A.13). Using the matrix P from assumption (iii), define the
candidate Lyapunov function V : R*P — Rsq for (A.13)) as V(w) = w' Pw whose

Lie derivative along (A.13) is
L EmV(w) = wT(fl(IiP + PAy)w + 2w’ Pg; o(u, w),
for (u,w + h(uw)) € U N Tg(cl(Dy)), i € L.
By assumption (iii), there exists A > 0 such that w' (A, P + PAg)w < —||w|>.

Pick € such that (u,w) € B.(0) implies (u,h(u) + w) € U. Then, the above Lie
derivative can be upper bounded as

L @V (w) < =Awl* + 2M || Pllw]* = =1 ]w]?,  for (u,w) € Be(0),

where 81 = A\ —2M,. Let e small enough so that $; > 0 and therefore £ @3V (w) <
—B1||w||? < 0 for w # 0. Now, assume that there exists a trajectory t — (u(t),w(t))
of (A.13)) that satisfies (u(t),w(t)) € Be(0) for all ¢ > 0. Then, using the following

inequalities
Amin (P)[[w][* < 0" Pw < Anax(P)[[w]?,

we get V(w(t)) < e Pt/ Amax(P)V (1(0)) along this trajectory. Employing the same
inequalities again, we get

(A.16) lw(®)]| < Kw(0)fle=?",

where K = ir:‘“‘((g)) and By = ﬁi(ﬂ > 0. This proves that w(t) — 0 expo-
nentially for the considered trajectory. Finally, we show that there exists 6 > 0
such that all trajectories of with initial condition (u(0),w(0)) € Bs(0) satisfy
(u(t),w(t)) € Bc(0) for all ¢ > 0 and hence, converge to £. From (A.13),

and (A.16)), we have

M.K
Ba

By choosing e small enough, M, can be made arbitrarily small and 85 can be bounded
away from the origin. With this, from (A.16)) and (A.17), one can select a small
enough § > 0 such that (u(0),w(0)) € Bs(0) imply (u(t),w(t)) € Be(0) for all t > 0
and w(t) — 0. From this, we deduce that the trajectories staring in Bs(0) converge to
the set £ and the origin is stable. Since x, was selected arbitrarily, we conclude local
asymptotic stability of the set £. Convergence to a point follows from the application
of Lemma O

The next example illustrates the application of the above result to conclude local

(A7) lu@)]] < [lu(0)]] +/0 McKe 72w (0)|ds, < [lu(0)]| + [w(0)]]-
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convergence of trajectories to a point in the manifold of equilibria.

EXAMPLE A.6. (Asymptotic stability of a manifold of equilibria for piecewise C>
vector fields): Consider the system @ = f(x), where f : R3 — R3 is given by
(A.18)

1 1 0] [a]
—2 1 xIo +(I1 71‘3)2 1 3 if Tr1 — I3 ZO,
0 1 -1 I3 1
x = — - — 3
f( ) -2 1 1 Tq 1
1 -2 1 X9 +(l‘1 —l‘3)2(1—$1+l‘3) 1|, ifz;—x3<0.
i 1 1 —2_ | 23 | 1

The set of equilibria of f is the one-dimensional manifold £ = {x € R3 | 7y = 25 =
x3}. Consider the regions D; = {z € R? | z; —23 > 0} and Dy = {z € R? | 21 — 23 <
0}. Note that f is locally Lipschitz on R? and C? on D; and D,. At any equilibrium
point x, € &, the limit point of the generalized Jacobian belongs to {A;, A3}, where

-1 1 0 -2 1 1
Ai=]1 -2 1] andAy=|1 -2 1
0 1 -1 1 1 -2
1 1 1
With the orthogonal matrix @ = |1 —1 1 | we get,
1 0 =2
0 0 0 0 0 0
Q'AQ=10 -5 3|, QT4,Q=10 -6 0
0 3 -9 0 0 -—18

The nonzero 2 x 2-submatrices obtained in the above equation have eigenvalues with
negative real parts and have the identity matrix as a common Lyapunov function.
Therefore, from Proposition we conclude that & is locally asymptotically stable

under & = f(z), as illustrated in Figure .
4 4.5
—x1 —x2 —x3

0 é “i é é 10 00 2 4 6 8 10
(a) Trajectory (b) Distance to equilibrium set

Fic. 6.1. (a) Trajectory of the vector field f defined in (A.18). The initial condition is © =
(1,1.6,—1.2). The trajectory converges to the equilibrium point (2.88,2.88,2.88). (b) Evolution of
the distance to the equilibrium set € of the trajectory.
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