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Abstract— This paper considers safe control synthesis for
dynamical systems in the presence of uncertainty in the dy-
namics model and the safety constraints that the system must
satisfy. Our approach captures probabilistic and worst-case
model errors and their effect on control Lyapunov function
(CLF) and control barrier function (CBF) constraints in the
control-synthesis optimization problem. We show that both the
probabilistic and robust formulations lead to second-order cone
programs (SOCPs), enabling safe and stable control synthesis
that can be performed efficiently online. We evaluate our
approach in PyBullet simulations of an autonomous robot navi-
gating in unknown environments and compare the performance
with a baseline CLF-CBF quadratic programming approach.

I. INTRODUCTION

Autonomous robotic systems are increasingly employed in
warehouse and home automation, transportation, and security
applications. A crucial aspect of successfully deploying such
systems is the satisfaction of safety and stability require-
ments, even in the presence of uncertainty in the system
model or constraints. The notion of safety in the context
of program correctness was first introduced in the 1970’s
[1], [2]. Around the same time, Artstein [3] introduced
control Lyapunov functions (CLFs) to enforce stability in
the context of nonlinear system control. The seminal work of
Sontag [4] established a universal formula for constructing
feedback control laws that stabilize nonlinear systems. In
the 2000’s, barrier certificates were proposed to formally
prove the safety of closed-loop nonlinear and hybrid systems
[5], [6]. Control barrier functions (CBFs) were developed to
support task-independent safe control synthesis, serving as a
barrier certificate for a closed-loop nonlinear system [7].

A key observation is that, for control-affine systems, the
CLF and CBF conditions are linear in the control input,
allowing a formulation of safe and stable control synthe-
sis as a quadratic program (QP) [8]-[11]. CLF-CBF-QP
techniques have been successfully employed in a variety
systems, including aerial robots [12], walking robots [13],
and automotive systems [14]. Most existing work, however,
assumes complete knowledge of the system dynamics and
control barrier functions. In reality, the dynamics model and
safety constraints are obtained using noisy sensor data and
simplifying assumptions, leading to uncertainty and errors
that should be captured when ensuring safety and stability.
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Capturing system-model and barrier-function estimation
errors impacts the formulation of CLF and CBF constraints,
and no longer give rise to QPs. Our main contribution is
to show that such uncertainty-aware stability and safety
constraints can still be formulated as convex constraints
under two different models of uncertainty: probabilistic and
worst-case. To capture probabilistic uncertainty, we specif-
ically consider Gaussian Process (GP) regression [15] as
an example approach for modeling a probability distribution
over a function space. When the estimated barrier function
and system dynamics are described by a GP, we aim to ensure
probabilistic safety and stability up to a user-specified risk
tolerance. We compute the distribution of the CLF and CBF
constraints, and use Cantelli’s inequality [16] to bound the
computed means with a margin dependent on the variances
and the desired risk-tolerance. The control input appears
linearly in the mean and quadratically in the variance of
the CLF and CBF constraints. This allows us to restate the
probabilistic constraints as second-order cone constraints,
leading to a second-order cone program (SOCP), which is
convex and can be solved efficiently online.

Alternatively, when worst-case error bounds on the system
dynamics, barrier function and its gradient are given, the goal
is to formulate a robust safe control synthesis problem. Under
worst-case disturbances, we show that the input appears
both linearly and within a norm term in the CLF and
CBF constraints. Similar to the probabilistic formulation, the
original QP problem can be reformulated as a convex SOCP
for safe control synthesis.

We demonstrate our safe control synthesis techniques in
mobile robot navigation simulations. We consider a robot
tasked to follow a desired path in an unknown environment,
relying on online noisy obstacle sensing and offline dynamic
model estimation to ensure safety and stability. We show
that both the probabilistic and the robust CLF-CBF-SOCP
formulation allows the robot to safely track the deisred path.

In summary, we make the following contributions. First,
we formulate novel probabilistic safety and stability con-
straints by considering stochastic uncertainty in the barrier
functions and system dynamics. Second, we formulate novel
robust safety and stability constraints by considering worst-
case error bounds in the barrier functions and system dy-
namics. Finally, we show that either the probabilistic or the
worst-case formulations lead to a (convex) SOCP, enabling
efficient synthesis of safe and stable control.

II. RELATED WORK

CLF-CBF-QP optimization techniques [11] have gained
significantly popularity for enforcing stability and safety for



robotic systems. While the original formulation does not
take uncertainty into account, several recent works address
uncertainty due to unmodeled dynamics, input disturbances,
and barrier function estimation separately.

For system dynamics uncertainty, Jankovic [17] consid-
ered worst-case disturbance bounds on the dynamics and
proposed robust CBF formulations with a modified QP.
Eman et al. [18] utilized convex hulls to model disturbances
in a CBF-based safety framework. Clark [19] considered
stochastic control systems with incomplete information and
derived sufficient conditions for ensuring safety on average.
Nguyen and Sreenath [20] formulated a robust CLF-CBF-
QP by introducing additional robust constraints to guarantee
stability and safety under model uncertainty. Ahmadi et al.
[21] introduced a conditional value-at-risk (CVaR) barrier
function to ensure safety for discrete-time systems subject
to stochastic uncertainty. In our previous work [22], we pro-
posed Bayesian learning methods to obtain the distribution
of system dynamics online and enable safe control synthesis
while taking system dynamics uncertainty into account.

For input disturbances, the concept of input-to-state safety
(ISSf) was introduced by Romdlony and Jayawardhana in
[23]. The ISSf-CBF concept was extended in [24], which fo-
cused on enlarging the safe set by modifying CBF. Recently,
Alan et al. [25] introduced the tunable ISSf-CBF concept
for safe controller synthesis while reducing conservatism.
In addition, Cosner et al. in [26] introduced measurement-
robust CBFs to account for uncertainty in state estimation
and conducted experiments on a Segway.

For barrier function uncertainty, Srinivasan et al. [27]
estimated barrier functions online using a Support Vector
Machine approach and solved the CLF-CBF-QP to gener-
ate safe control inputs. Our previous work [28] computed
worst-case error bounds of barrier function constraints and
formulated a robust CLF-CBF-SOCP that enforces safety and
stability. Zhang et al. [29] constructed robust output CBFs
from safe expert demonstrations while considering worst-
case error bounds in measurement map and system dynamics.

In this work, we provide a unified formulation for safe
control synthesis while taking either probabilistic or worst-
case uncertainty of the system dynamics and barrier function
simultaneously into account.

ITII. PROBLEM FORMULATION
Consider a robot with dynamics model:
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where x € X C R” is the robot state and u € ¢ C R™+!
is the control input.! We assume f : R™ + R" and g :
R™ +— R™"™ are continuously differentiable. The admissible
control input space is given by & == {u € R™*!|u'e; =
1, Au < b}, where e; € R™*1 is the basis vector with 1 at
the first entry and 0 elsewhere, A € R¥*(m+1) and b € R¥.

Definition III.1. A continuously differentiable function V :
R™ — R is a control Lyapunov function (CLF) for the

system (1) if there exists a class /C function oy such that:

1r€1£ CLC(x,u) <0, Vxe€ZX, )

where the control Lyapunov condition (CLC) is:
CLC(x,u) 2 LV (x) + L,V (x)u+ ay(V(x))
= [VxV(x)] T F(x)u + av (V(x)).

A CLF V may be used to encode a variety of control
objectives, including path following [28], adaptive cruise
control [14], and bipedal robot walking [13].

To define safety requirements for the control objective,
consider a continuously differentiable function h : R" — R,
which implicitly defines a (closed) safe set of system states
S 2 {x € X | h(x) > 0}. The following definition is a
useful tool to ensure that S is forward invariant, i.e., the
robot state remains in S throughout its evolution.

3)

Definition IIL.2. A continuously differentiable function h :
R™ +— R is a control barrier function (CBF) on X C R" for
the system (1) if there exists an extended class Ko, function
ay, such that:

sup CBC(x,u) > 0,
ueld

Vx € X, “)

where the control barrier condition (CBC) is:
CBC(x,u) £ Lh(x) + Lyh(x)u + oy (h(x))
= [Vxh(x)] " F(x)u + ap(h(x)).
According to [9], [11], any Lipschitz-continuous controller

k : X — U that satisfies CBC(x,k(x)) > 0 for all x € X
renders the set S forward invariant for the system (1).

®)

A. Safety and Stability with Known System Dynamics and
Barrier Function

When the system dynamics F'(x) and the barrier function
h(x) are precisely known, one can combine CLF and CBF
constraints to synthesize a safe controller via the following
quadratic program:

. T 1L 2 2
win - LGx) (= k(x)) 7+ A0 ©

s.t. CLC(x,u) < 4§, CBC(x,u) > 0.

The term k(x) is a baseline controller and may be used
to specify additional control requirements, such as desirable
velocity or orientation. This term may be set to k(x) = e if
minimum control effort is the main objective. The term L(x)
is a weighting matrix penalizing deviation from the baseline

INotation: We denote by R~ the set of non-negative reals and 9.A the
boundary of a set A C R™. For a vector x and a matrix X, we use ||x|| and
[|X]| to denote the Euclidean norm and the spectral norm. We use vec(X) €
R™™ to denote the vectorization of X € R™X™  obtained by stacking
its columns, and diag(x) € R™ ™ to denote a diagonal matrix whose
diagonal is x € R™. We denote by V the gradient and L;V = VV . f
the Lie derivative of a differentiable function V' along a vector field f. We
use ® to denote the Kronecker product and GP (p(x), K (x,x’)) to denote
a Gaussian Process distribution with mean function p(x) and covariance
function K (x,x’). A continuous function « : [0, a) — [0, c0) is of class K
if it is strictly increasing and a(0) = 0. A continuous function « : R — R
is of extended class Ko if it is of class K and lim, oo a(r) = oo.



controller. The term ¢ > 0 is a slack variable that relaxes the
CLF constraints to ensure the feasibility of the QP, controlled
by the scaling factor A > 0. The QP formulation in (6)
modifies the baseline controller E(x) online to ensure safety
and stability via the CBF and CLF constraints.

B. Safety and Stability with Estimated System Dynamics and
Barrier Function

Our work focuses on enforcing safety and stability for the
control-affine system (1) when the system dynamics F'(x)
and the barrier function h(x) are unknown and need to be
estimated from data. We consider two scenarios, depending
on whether probabilistic or worst-case error descriptions of
the dynamics and barrier functions are available.

Problem 1 (Safety and stability under Gaussian uncer-
tainty). Given an estimated distribution on the unknown
system dynamics vec(F(x)) ~ GP(vec(F(x)), Kp(x,x'))
and an estimated distribution on the barrier function h(x) ~
GP(h(x), Kp(x,x’)), design a feedback controller k such
that, for each x € X:

P(CLC(x,k(x)) < 6) = p, P(CBC(x,k(x)) = 0) > p,

where p € (0,1) is a user-specified risk tolerance.

Many robotic systems require instead the guarantee that
safety and stability hold under all possible error realizations,
which motivates us to also consider the following problem.

Problem 2 (Safety and stability under worst-case uncer-
tainty). Given estimated system dynamics F'(x) with known
error bound ep(x),

|F(x) — F(x)| <ep(x), Vx € X, (7)

and estimated barrier function h(x) and gradient V(x) with
known error bounds ep,(x) and ey (x), i.e., for all x € X,

|h(x) = h(x)| < en(x), [|VA(x) = VA(X)| < evn(x), (8)
design a feedback controller k such that, for each x € X:
CLC(x,k(x)) <6, CBC(x,k(x))>0.

IV. PROBABILISTIC SAFE CONTROL

This section presents our solution to Problem 1. Inspired
by the design (6) when the dynamics and the barrier function
are known, we formulate the control synthesis problem via
the following optimization problem:

IZ(x) " (u — k(x))|* + A%, )

min
ucel,§er

s.t. P(CLC(x,u) < ¢) > p, P(CBC(x,u)>0) > p.

The uncertainty in F' and h affects the linearity in u of the
CLC and CBC conditions in the constraints of (9), making
this optimization problem no longer a QP. Here, we justify
that nevertheless the optimization can be solved efficiently.
To show this, we start by analyzing the distributions of
CBC(x,u) and CLC(x,u) in detail.

Proposition IV.1 (Distribution for CBC). Assume h
is a CBF with a linear function «p, iLe, ap(z) =

a -z for a € Rso. Given independent distribu-
tions h(x) ~ GP(h(x),Kp(x,x")) and vec(F(x)) ~
GP(vec(F(x)), Kp(x,x')), the mean and variance of
CBC(x,u) satisfy

E[CBC(x,u)] = E[p(x)] 'u
Var[CBC(x,u)] = u' Var[p(x)u,

(10a)

(10b)

where

p(x) = F (x)[Vuh(x)] + [ah(x) 0] eR™ (11)

and E[p(x)], Var[p(x)] are computed in (18).

Proof. The control barrier condition can be written as:

CBC(x, 1) = [Vxh(x)]T f(x) + [Vxh(x)] g(x)u + ah(x)
= | [Vxh(x)]" F(x) + [ah(x) 0,]|u
= p(x)T; (12)

Note that Vxh(x) is a GP because the gradient of a GP
with differentiable mean function and twice-differentiable
covariance function is also a GP, cf. [22, Lemma 6],

Vxh(x) ~ GP(Vh(x), Hxx Kn(x,%)),
where Hy o Kp(x,x") = {%]nn s finite for
all (x,x’) € R*". Since vec(ABC)J: (l(?ligk)vec(B) for
appropriately sized matrices A, B, C, we can write

Var(F(x)u) = Var((u" ® I,)vec(F(x)))
= (HT 1,)Kr(x,x)(u®1,).

We abbreviate Kp := Kp(x,x') and K = Kp(x,%)
for conciseness in the rest of this section. The term
[Vih(x)] " F(x)u is an inner product of two independent
GPs, Vih(x) and F(x)u. Thus, using [22, Lemma 5], (13),
and that Cov(Vh(x), F(x)u) = 0, p{ u corresponds to a
distribution with mean and variance:

E[p{ u] = [Vxh(x)] T F(x)u,

Varlp{ u] = [Vxh(x)]T(u" @ L,)Kr

(U@ L,)Vyh(x) +u’ FT(x)Hyx KnF(x)u.

13)

(14)

To factorize u from the variance expression, we apply the
property (A®B)(C®D) = AC®BD for any appropriately
sized matrices A, B, C, D,

(W@ 1,)[Vxh(x)] = (e L)1 ® [Vxh(x)])
=uQ® vxﬁ(x) = (I7n+1 ® vxh(x))ﬂ
By substituting (15) in (14), we can factorize out u to get,

Varlp1] = (Int1 ® [Vah(x)] K p (L1 @ Vih(x))
+ FT(x)Hyn KnF(x). (16)

(15)

Next, we write Cov(h(x), p{ u) using [22, Lemma 5] and
Cov(h(x), F(x)u) =0,

Cov(h(x),p; u) = Cov(h(x), Vih(x))F(x)u



= [VxKn] " F(x)u
= [[VxKn]Tf(x)  [Vsn] 3(x)]u.

We can now write mean and variance of p(x) explicitly by
using (14), (16) and (17),

E[p(x)] = [Vxh(x)]T F(x) + a[k(x) 0,,]"
Varp(x)] = F T (x) Hx o Kn F (%)

a7

+ (L1 ® Veh(x) VK p(Ln © Veh(x)  (18)
a?Ky, + 2a[V< K] f(x)  a[VxKp]Tg(x)
ag(x) T [V Kp) 0, 5m
The statement now follows by using (18) in (12). O]

Next, we describe the distribution of CLC(x, u).

Proposition IV.2 (Gaussian distribution for CLC). Given
the distribution vec(F(x)) ~ GP(vec(F(x)), Kp(x,x')),
the CLC(x,u) is Gaussian with mean and variance:

E[CLC(x,u)]=E[q(x)]'u (19a)
Var[CLC(x,u)]=u' Var[q(x)]u, (19b)
where
a(x) = F (x)[VLV(®)] + [av(V(x) 0,]" e R™!
(20)

and E[q(x)], Var[q(x)] are computed in (21).

Proof. We can write the control Lyapunov condition as
CLC(x,u) = [V, V(x)]  F(x)u+ ay(V(x)) = q' (x)u.
We can use the Kronecker product property vec(ABC) =

(CT ® A)vec(B) to rewrite first term in q(x) as:
VoV (0] T F(x) = vee([VoV ()] T F(x) L 1)
= (L1 ® [V V (x)] " vee(F(x)).

Since [V, V (x)], av (V' (x)) are known and deterministic and
vec(F(x)) ~ GP(vec(F(x)), Kr(x,x)), we can express
the distribution of q(x) as follows:

Ela(x)]=F" (x)[V«V(x)] +[av(V(x) 0,]" @D

Varla(x)] = (Ln41 @ [V V (%)) ) K P (g1 @ [VxV (x)]).

The result follows from plugging (21) into CLC(x,u). O

Using the distributions of CBC(x,u) and CLC(x,u),
problem (9) can be formulated as a convex SOCP as follows.

Proposition IV.3 (Probabilistic-CLF-CBF-SOCP). Given
a user-specified risk tolerance p € (0,1), let ¢(p) = L

1-p
The optimization problem (9) can be formulated as the
following second-order cone program:

l

min
ucl,6eR,IER

s.t. 6 — E[q(x)] "u > ¢(p)

Elp(x)]"u > c(p)

u' Var[q(x)]u,

u' Var[p(x)]u, (22)

where p(x) and q(x) are defined in (11) and (20).
Proof. To deal with the probabilistic constraints in (9), we
employ Cantelli’s inequality [16]. For any scalar v > 0,
P(CBC(x,u) > E[CBC(x,u))] - 7/x,u) >
~ Var[CBC(x,u)]
Var[CBC(x,u)] +~2'

Given this inequality, and since we want P(CBC(x,u) >
0) > p, we choose v = E[CBC(x, u)] and require the lower
bound to be greater than or equal to p, i.e.,

Var[CBC(x,u)]
 Var[CBC(x,u)] +42 =

The equation can be rearranged into

E[CBC(x,u)] = v > \/ : P var[cBC(x,u)],

—-D
which corresponds to the safety constraint in (22).

Next, we show that this constraint is a valid second-order
cone (SOC) constraint. By (10), given that h, Vh and F are
known and deterministic, the expectation E[CBC(x,u)] =
E[p(x)] "u is affine in u. Since Var[p(x)] is positive semi-
definite, we can write
(23)

Var[CBC(x, u)] = \/uT Var[p(x)Ju = | D(x)u||
where D(x) "D(x) = Var[p(x)]. Acccording to [30], the
safety constraint in (22) is a valid SOC constraint.

For stability, the CLC condition can be constructed using a
similar approach with Cantelli’s inequality, resulting in (22).
By (19), we know that the expectation is affine in u and
the variance is quadratic in terms of u, similar to (23). This
shows that the CLC condition is also a valid SOC constraint.

Our last step is to show that the minimization of the
objective function can be reformulated with a linear objective
and an additional SOC constraint, resulting in the standard
SOCP in (22). We introduce a new variable [ so that the
problem in (9) is equivalent to

min l

uel,seRIeR

s.t. P(CLC(x,u) < 6) > p, P(CBC(x,u) >0) > p,
|L(x)T (u —k(x))||? + A% < L. (24)

The last constraint in (24) corresponds to a rotated second-
order cone, Q7, = {(X,,yr,2-) € R""?||x.[? <
YrzryYr > 0,2z, > 0}, which can be converted into a
standard SOC constraint [30],

22X,
yr — Zr

Let y, = I, z, = 1 and consider the constraint || L(x) " (u —
k(x))||? + A% < I. Multiplying both sides by 4 and adding
(I — 1)%, makes the constraint equivalent to

’§%+%

A1) T (u = k(x))|]* + 428 + (1 = 1)* < (1 + 1),



Taking a square root on both sides, we end up with

VIZLGOT (= k()2 + (2VA8) + (1— 12 < 1+ 1,
which is equivalent to the third constraint in (22). O

Remark IV.4 (Risk-tolerance p). When p = 0, the proba-
bilistic CLF-CBF-SOCP (22) reduces to the original CLF-
CBF-QP (06).

V. ROBUST SAFE CONTROL

In this section, we develop a solution to Prgblem 2. Let I
denote the estimated system dynamics, h, Vh the estimated
barrier function and its gradient, and let ef : Rox(m+1)

R>o, en : R = R>g, and eyy : R” — R>q be associated
error bounds. For convenience, for each x € X, we denote
Dr(x) = F(x) — F(x), dy(x) = h(x) — h(x) and
dvn(x) := Vh(x) — Vh( ). By (7) and (8), we have

[Dr(x)| < er(x), [dn(x)| < en(x), [[dvn(x)] < €Vh8<5)5
Using this notation, we can rewrite CBC(x,u) as
CBC(x,u) = [Vh(x)]" F ()1 + an(h(x))

= ([VA(x)]" + dy,(x)(F(x) + Dr(x)u
+ (i) +dn () N

= [VA(x)] " F(x)u + dg;,(x) F(x)u + [Vh(x)] " Dr(x)u
F()u + ap(h(x) + dy (x)).

Let p(x) := F'(x)Vh(x). We group the error term in
the expression for CBC(x,u) in the variable dcpc(x, 1) :=

+dy;,(x)D

CBC(x,u) — p(x) "u. Thus, CBC(x,u) > 0 is satisfied if
min CBC(x,u) = p(x u+ min d x,u) > 0.
Dr.dvn,dn (e, 1) = B( ) F.dvn,dn cae(x,u)

Similarly, let G(x) := F'T(x)VV(x) + [ay(V(x)) 0/]T
and dcrc(x,u) = [VV(x)]" Dr(x)u, a robust version of
the stability constraint CLC(x,u) < ¢ can be written as:

max CLC(x,u) = §(x) "'u + maxderc(x,u) < 6. (26)
DF DF

This leads us to the following robust reformulation of the
original control synthesis problem in (6),

min l
ucld,6€R,l€R

st.G(x) "+ max dere(x,u) <6
F

p(x) u+

DFrg:ré o depe(x,u) >0 27)
2L(x) " (u — k(x))
2v/\6 <l+1.
-1

Note that we used the same approach as in the proof
of Proposition IV.3 to reformulate the original quadratic
objective with a linear objective plus a SOC constraint. The
difficulty in solving (27) arises from the complexity of the
constraints. The next result considers a restriction of the
feasible set that gives rise to a convex SOCP formulation.

Proposition V.1 (Robust-CLF-CBF-SOCP). Let F, h, Vh
denote estimates about the system dynamics and barrier

function, with error bounds described by (25). Consider the
following optimization problem

min
ucl,0eR,peR,geR,I€ER
5.0 —a(x)"u>ep®)|VV(x)lul,
p = evn(x)[|F(x)ul|,

0= (er()IVAX)| + evn(®)en(x)) full

[Vh(X)] F(x)u + ap(h(x) — en(x)) > p+q,
2L(x) " (u — k(x))
I+1> 2vV/A8 (28)
-1

Then, problem (28) is a SOCP and its feasible set is included
in the feasible set of (27),

Proof. The stability constraint directly follows from the fact:

dere(x,u) = ep(x)[|[VV(%)||[|u]|.

max
IDr(x)[[<er(x)

For the safety constraint, note that

min

d
Doy dyn cpe(x,u)

= min
Dp,dvn

dy (%) Dr (x)u

(4540 F(e)u+ [VA()] " Dr (x)u+

+min an(h(x) + dn(x)).  (29)

Since e (x) > 0 and «y, is an extended class K, function,

min oy (h(x) + dp(x)) = an(h(x) — en(x)). (30)

[dn(x)|<en(x)

Applying the Cauchy-Schwarz inequality on each term,
min

o min ~ldvn I (oul
~ VRGP (] = [den ()] | Dr (x)ul
+ an(h(x) = e1(x))
> —evn ()| Ful] = e () [VA(0) 1 -
evn(x)er ()l + an(h(x) = en(x)).

dcgc(x ll)

Note that in the second inequality we have considered the
minimization of each term independently, and hence the
resulting lower bound might not be tight in general. Thus,
we rewrite the safety constraint as

evn () [Ful| + (er ()| TAX)| + evn(x)e
< [VRGOI FGu + an(B(x) — en(x).

Finally, from Lemma A.1, the second, third, and fourth con-
straints in (28) combined together are equivalent to (31). [

F(x))[ull
€Y

Remark V.2 (Connection with the literature). The result
in Proposition V.1 recovers [28, Proposition 2] for the case
when there is no uncertainty in the system dynamics (ep =
0). If there are no errors in both the dynamics and the barrier
function (e = e;, = eyy = 0), then the robust-CLF-CBF-
SOCP (28) reduces to the original CLF-CBF-QP (6).
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(a) Pybullet Simulator (b) Probabilistic Trajectory

Fig. 1: (a) is the Pybullet simulation environment where we conduct our
experiments. (b) shows the results in a region of an environment, where
the probabilistic (p = 0.2,0.4,0.8,0.99) controller and QP controller both
succeed. The ground-truth obstacle surface is shown in black while the
estimated obstacles is shown in orange.

VI. EVALUATION

In this section, we present an approach to estimate the
unknown dynamics of a mobile robot, and construct CBF
constraints online. Then, we evaluate our safe control syn-
thesis using the estimated robot dynamics and CBFs in
autonomous navigation tasks in 10 simulated environments,
containing obstacles a priori unknown to the robot.

A. System Dynamics Estimation

We consider a Turtlebot robot simulated in the PyBullet
simulator [31] (see Fig. la). We first present a learning
approach to model the unknown dynamics of the TurtleBot
using training data collected from the PyBullet simulator.
The robot state and input are x := [z,y, 1] T € R? x [-7,T)
and u := [L,v,w]" € {1} x R?, respectively. We collect
a dataset D = {t{\, x{\, ul’ }2, of D = 40000 state
sequences xéZ)N obtained by applying random control inputs
u'’) to the robot with initial condition x{’ at time intervals
of 7 = 0.02 seconds. For each trajectory 7, a constant control
input is applied for NV = 5 time steps.

We employ a neural ODE network [32] to approximate
the unknown robot dynamics F' with a neural network Fp
based on the dataset D. A forward pass through the ODE
network is obtained using an ODE solver:

{x{,%5, -+ ,X}y} = ODESolve(x}, Fo(-)u’, t}, -+ ,ty).

We use a loss function,

D N
: (@) @
HBHEE:EE:E(Xﬁ %)
i=1 j=1
s.t. XD (t) = Fo(xV(t))u® (t),
@) = ul? i (i
u(t)=u;" forte [j7,(j+1)7),
where /(x,X) = ||[z,y, cos p, sin u] "%, §, cos fi, sin ji] T ||2.
To update the weights 6, the gradient of the loss function is
back-propagated by solving another ODE with adjoint states
backwards in time. Please refer to [32] for details.

Gal and Ghahramani [33] showed that introducing dropout
layers in a neural network is approximately equivalent to per-
forming deep Gaussian Process regression. We use a 6-layer
fully-connected neural network with tanh activations and
800 neurons in each layer to model Fyp, and apply dropout to

TABLE I: Empirical SDF estimation error £ in (34) and dropout-network
SDF estimation error averaged across 8 object instances under different
LiDAR measurement noise standard deviation o.

LiDAR Noise o

SDF Empirical Error

SDF Dropout Error

0.01
0.02
0.05

0.0173
0.0288
0.0463

0.0132
0.0184
0.0242

E T
T Y,

(¢) Variance d) P(¢<0)=0.95

(a) Training data (b) Mean SDF

Fig. 2: Shape estimation with dropout neural network. (a) shows the training
data. (b) shows the estimated mean SDF results. The black heart curve
shows the ground-truth obstacle boundary, while colored regions are level-
sets of the SDF estimate. The white region denotes the estimated obstacle
boundary. The blue (resp. red) region denotes negative (resp. positive) signed
distance. In (c), the variance of the SDF estimate is shown. In (d), we plot
the estimated unsafe region with high probability, where P(¢ < 0) = 0.95.

each hidden layer with rate 0.05. Given a query state x € X,
Monte-Carlo estimates of the predictive mean Fp(x) and
element-wise standard deviation (x) of the dynamics are
obtained with 7" = 100 stochastic forward passes through the
dropout neural network model. We use Fp(x) for the mean of
system dynamics and K r(x,x) = diag(vec(2(x))?) for the
variance of the dynamics. To obtain worst-case error bounds
er(x), we set ep(x) = ||3.89%(x)|| (99.99% confidence).

B. Online CBF Estimation

The robot is equipped with a LiDAR scanner with a
270° field of view, 200 rays per scan, 3 meter range,
and zero-mean Gaussian measurement noise with standard
deviation o € {0.01,0.02,0.05}. The LiDAR scans are used
to estimate the unsafe regions O; in the environment and
construct a CBF constraint for each. We rely on the concept
of signed distance function (SDF) (e.g. Fig. 2b) to describe
each ;. The SDF function ¢; : R? — R of set O; C R? is

_d(y7 aoi))
d(y7 801')7

y € O;,
y & O,

where d denotes the Euclidean distance from a point y € R?
and the set boundary 0O;. We employ incremental training
with replay memory (ITRM) [28, Sec. IV] to estimate an
SDF ; for each O; from the LiDAR measurements. We use
a 4-layer fully-connected neural network with parameters 6
and dropout layers to yield ¢;(y; @) with dropout rate 0.05
applied to each 512-neuron hidden layer. Given y € R2, we
obtain the predictive SDF mean ¢;(y) and standard deviation
5;(y) by Monte-Carlo estimation with " = 20 stochastic
forward passes through the dropout neural network model. To
verify the accuracy of our online SDF estimation method, the
TurtleBot is tasked to move along a circle of radius 2 while
the object is placed at the center. In Table I, we measure the
empirical SDF approximation error:

1 e—
& = E; 15i(y)l,

wi(y) = (33)

(34)



TABLE II: Success rate of the navigation tasks in 100 realizations (10
realizations for each of the 10 different environments) using the Probabilistic
CLF-CBF-SOCP, Robust CLF-CBF-SOCP, and the original CLF-CBF-QP
frameworks for different LIDAR measurement noise levels o.

LiDAR QP Success Probabilistic Success Rate Robust
Noise o Rate p=02 | p=04 | p=0.8 | Success Rate
0.01 0.82 0.98 1.0 1.0 1.0
0.02 0.65 0.92 0.97 1.0 1.0
0.05 0.37 0.72 0.89 0.96 1.0

TABLE III: Fréchet distance between the reference path and the robot
trajectories generated by the Probabilistic CLF-CBF-SOCP, Robust CLF-
CBF-SOCP, and the CLF-CBF-QP controllers (smaller values indicate larger
trajectory similarity, the value in the parentheses indicates the success rates,
and N/A indicates the robot collides with obstacles in all 10 realizations).

—— Ref Path

Probabilistic SOCP Path (p = 0.4)
64 —— Robust SOCP Path
— QP Path

Probabilistic
Env QP P =02 =04 =038 Robust
1 0.337 0.338 0.343 0.363 0.357
2 0.378 0.408 0.404 0.432 0.485
3 0.372 0.398 0.412 0.457 0.538
4 0.416 0.438 0.427 0.473 0.515
5 0.395 0.418 0.412 0.483 0.572
6 0.385 (0.8) 0.371 0.378 0.392 0.424
7 0.462 (0.5) 0.502 0.546 0.593 0.737
8 0.535 (0.2) 0.588 0.612 0.673 0.814
9 N/A 0.756 (0.8) | 0.887 (0.9) 0.926 1.016
10 N/A 0.905 (0.4) | 0.937 (0.8) 1.046 1.224

where {y;}7"; are m = 500 points uniformly sampled on
the surface of the object instances. In Fig. 2, we show the
results of SDF estimation with measurement noise standard
deviation o = 0.01.

Since we deal with system dynamics with relative degree
one, one can verify [34] that the SDF is a valid CBF. Let
z = [z,y] € Z C R? be the position part of x. To account for
the fact that the robot body is not a point mass, we subtract
the robot radius p = 0.177 from each SDF estimate when
defining each mean CBF: h;(x) = (;(z; @) — p. For variance
Kp(x,x) in Sec. IV, we set K} (x,x) = 67(z). We also
take Vh;(x) = V@;(2;0) and compute Hy . K} (x,x’) by
Monte-Carlo estimation using double back-propagation. We
set the worst case error bounds ep(x), eyn(x) in Sec. V
as the 99.99% confidence bounds of a Gaussian random
variable with standard deviation &;(z). If the robot observes
multiple obstacles in the environment, we compute multiple
CBFs iLZ(X) and their corresponding uncertainty, and add
multiple CBCs to (6), (22), (28) for safe control synthesis.

C. Safe Navigation

Our main experiments demonstrate safe trajectory tracking
using the proposed probabilistic (22) and robust (28) CLF-
CBF-SOCP formulations, utilizing the dynamics estimates
from Sec. VLA and the online CBF estimates from Sec.
VIL.B. We employ the approach in [28, Sec. VI] to construct
a valid CLF V/(x) for path following. To avoid low velocity,
we set L(x) = diag([0,10,3]) and k(x) = [1,Vmax, 0] "
where vUpmax = 0.65 is the maximum linear velocity for
the TurtleBot. The remaining parameters were A = 1000,
ay(V(x)) =2V (x), and ap(h;(x)) = hi(x).

To emphasize the importance of accounting for estima-
tion errors, we also implement the original CLF-CBF-QP
controller (6), which assumes the estimated barrier functions
and system dynamics are accurate (i.e., uses the mean values
from the dropout-network estimation as the true values).

-6 -4 -2 o 2 4 6
x

Fig. 3: Simulation results in environment 8 where the probabilistic (p = 0.4)
and robust CLF-CBF-SOCP controllers succeeds but the CLF-CBF-QP one
fails. The ground-truth obstacle surfaces are shown as black curves. The
estimated obstacles, obtained after the whole path is traversed by the robust
CLF-CBF-SOCP controller are shown in different colors (red, green, orange,
blue). The reference path is shown in blue. The trajectories generated by the
probabilistic and robust CLF-CBF-SOCP controllers are shown in orange
and red, respectively, while the CLF-CBF-QP trajectory is shown in green.
The starting point is cyan and the goal region is a light-green circle. The
robot is shown as a purple circle when crashing into an obstacle using the
CLF-CBF-QP controller.

In Table II, we report the success rate of the navigation
task using the proposed formulations and the original QP
framework under different measurement noises. As the noise
increases, the success rate of the CLF-CBF-QP controller
decreases rapidly, while the success rate of the probabilistic
framework with high p and the robust framework stays high.

In Fig. 3, we show one realization in environment 8
(with ¢ = 0.01), where the CLF-CBF-QP controller fails
to avoid obstacles because it does not consider the errors in
CBC(x,u), while the proposed frameworks guarantee safety.
When there is an obstacle near or on the reference path,
the robot controlled by the robust SOCP controller stays
furthest away, while the probabilistic SOCP controller also
guarantees the robot stays further away from the obstacles
than the robot controlled by the CLF-CBF-QP controller.

In Table III, we show quantitative results using the Fréchet
distance [28, Sec. VI] as the metric to measure the trajectory
similarities. The distance value is computed by averaging the
successful realizations in each environment, and the LiDAR
noise is set to be o = 0.02 in this set of experiments. We see
that the robust CLF-CBF-SOCP controller is most conserva-
tive as it has the largest Fréchet distance values while the
probabilistic CLF-CBF-SOCP controller is less conservative
if we set the user-specified risk tolerance p = 0.8. By
lowering the risk tolerance value (p = 0.2/0.4), the robot
with the probabilistic controller follows the reference path
better while facing a higher risk of collision. The trajectory
generated by the CLF-CBF-QP controller has the smallest
Fréchet distance values, but fails in several environments.

In Fig. 1b, we report one realization of a region in an
environment using the probabilistic controllers with different
p values. Observe that larger p values correspond to higher
probability of being safe for the robot. Finally, to demonstrate
the efficiency of the proposed SOCP framework, we compare



the average time needed for solving the QP, probabilistic
SOCP, and robust SOCP formulations per control synthesis
along the navigation task. All optimization problems (QP
and SOCP) are solved using the Embedded Conic Solver in
CVXPY [35] with an Intel i7 9700K CPU. The time needed
for solving one QP instance is 0.00863s while the times
needed for solving the proposed probabilistic and robust
SOCPs are 0.0109s and 0.0122s. As expected, our SOCP
formulations require slightly more time than the original QP
but are still suitable for online robot navigation.

VII. CONCLUSION

We considered the problem of enforcing safety and sta-
bility of unknown robot systems operating in unknown envi-
ronments. We showed that accounting for either Gaussian or
worst-case error bounds in the system dynamics and safety
constraints leads to a novel CLF-CBF-SOCP formulation for
control synthesis. We validated our approach in autonomous
navigation tasks, simulating a ground robot in several un-
known environments. Future work will consider deploying
our formulations on real robots and formulating the problem
with other probabilistic descriptions of uncertainty.
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APPENDIX A. NORM SUM AS SOC CONSTRAINTS

Lemma A.1. The convex problem:

min v 'z

zeR”
s.t. ||Az —a| + ||Bz - b|| < c'z
is equivalent to the second-order cone program:
min v’
zcR™ ,peR,geR
st. |[Az—al| <p
Bz — bl <q
p+q< c'z.
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