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Abstract— This paper considers the problem of regulating a
dynamical system to equilibria that are defined as solutions of
an input- and state-constrained optimization problem. To solve
this regulation task, we design a state feedback controller based
on a continuous approximation of the projected gradient flow.
We first show that the equilibria of the interconnection between
the plant and the proposed controller correspond to critical
points of the constrained optimization problem. We then derive
sufficient conditions to ensure that, for the closed-loop system,
isolated locally optimal solutions of the optimization problem
are locally exponentially stable and show that input constraints
are satisfied at all times by identifying an appropriate forward-
invariant set.

I. INTRODUCTION

This paper considers the problem of steering the state of a
dynamical system to equilibria that are implicitly defined as
the solution of a constrained, nonlinear optimization prob-
lem. Such a regulation problem is motivated by optimization
and control problems in a number of areas, including power
systems [1], transportation systems [2], epidemic control,
and robotics [3]. To address this regulation problem, prior
work [2], [4]-[11] in “online feedback optimization” has
considered the design of controllers based on adaptations of
first-order optimization methods. The majority of these works
consider equilibria that are solutions to either unconstrained
optimization problems or problems with constraints on the
control inputs. However, an open research question remains
regarding how to systematically design feedback controllers
to regulate a dynamic plant to solutions of optimization
problems with nonlinear constraints on the system’s state,
which is what we tackle here. State constraints are critical
across multiple domains: e.g., in power transmission systems,
to impose frequency and line flow limits [1].

Literature review. Constrained problems in online regu-
lation of dynamical systems were first considered in [5],
where controllers for control-affine systems were engineered
based on saddle flows and conditions for asymptotic sta-
bility of saddle points of the Lagrangian function were
established. Similar gradient-based strategies for constrained
convex problems were proposed in [6], and local stability
results were provided based on non-singularity of the matrix
modeling the closed loop. The Moreau envelope was used
in [8] to deal with linear inequality constraints on the
state; however, the stability analysis hinges on augmented
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Lagrangian approaches, which leads to perturbations of the
set of optimal solutions. A primal-dual flow based on a regu-
larized Lagrangian was utilized in [2]; however, the approach
in [2] is applicable to only linear inequality constraints on
the system’s state. Polytopic constraint sets for the state
of linear systems (without disturbances) were considered in
for discrete-time linear systems [10]. Finally, our controller
design relies on a continuous approximation of the projected
gradient flow, termed safe gradient flow [12], that solves
constrained optimization problems. The treatment here sig-
nificantly expands [12] by (i) having the safe gradient flow
act as a feedback controller, (ii) analyzing the stability of the
interconnection with a dynamic plant, and (iii) providing a
precise characterization of the local stability region.
Contributions. We present a new class of feedback con-
trollers for dynamic plants (possibly subject to unknown
disturbances) to regulate their input and state to locally
optimal solutions of an optimization problem with constraints
on the state at steady-state. Our main contribution is twofold.
(a) We propose a new control design strategy that leverages
the safe gradient flow [12]. The controller utilizes state feed-
back to perform the regulation task at hand. Critically, our
dynamic controller is defined by a locally Lipschitz vector
field, thus ensuring existence and uniqueness of classical
solutions, and guarantees that input constraints are enforced
at all times; moreover, its equilibria correspond to the critical
points of the optimization problem.
(b) We show the existence of a forward invariant set for
the interconnection of the dynamic plant and the proposed
controller, and we leverage singular perturbation theory [13]
to find sufficient conditions for the stability of the closed-
loop system. We show that isolated locally optimal solutions
of the optimization problem are locally exponentially stable
and characterize the region of attraction.

II. PRELIMINARIES AND PROBLEM FORMULATION

Notation. (-)7 denotes transposition. For a given vector
x € R, ||z|| := VaTx. Given the vectors x € R"™ and
y € R™, (z,y) € R"™ denotes their concatenation. For a
smooth function f : R® — R, the gradient is denoted by V f
and its Hessian matrix is denoted by V2 f. For a continuously
differentiable function h : R™ — R™, its Jacobian matrix is
denoted by Jp,. For any natural number n, [n] denotes the
set {1,--- ,n}. For any vectors, a and b, a < b means that
all the entries of @ — b are less than or equal to 0. The
distance between a point s and an nonempty set S is defined
as dist(s,S) = infs,es ||s — so||. The diameter of a set S
is defined as diam(S) := supy, ,,es |ls1 — s2||. We define



B.(z*,r) == {x € R": ||z — z*|| < r} and 0,, € R™ the
vector of all zeros.

Plant model. We consider systems that can be modeled
using continuous-time dynamics

T = f(x,u,w), I(to) = Zo (1)

where f: X xU x W — R", with X C R", Y C R™,
and W C R™» open and connected sets. In (1), z € X is
the state (with x¢o € X the initial condition), u € U, C U
is the control input, and w € W, C W is an unknown
disturbance. We assume that ¢/, and W, are compact, and
that the vector field f is continuously differentiable and
Lipschitz-continuous. We make the following assumptions.

Assumption 1 (Steady-state map): There exists a unique
continuously differentiable function h : U x W — X such
that, for any fixed w € Y and w € W, f(h(u,w),a,w) = 0.
Moreover, h(u,w) admits the decomposition h(u,w) =
hy(u) + hy(w), and hy,(w) and the Jacobian Jp(u) :=
%15") are locally Lipschitz continuous. ([

Assumption 1 guarantees that, due to the continuity
of Jn(u) and compactness of U. and W,, there exists
lh,,Lr, > 0 such that || Jp(u)|| < ¢p, and |[hy(w1) —
hy(w2)|| < h, ||lw1 — wa]| hold for any u € U, and any
wy,ws € W,. Hereafter, we denote the compact set of
admissible equilibrium points of the system (1) by Xq =
h(U. x W,). Let r > 0 denote the largest positive constant
such that X, := X, + B,(0,,r) satisfies X, C X. We
make the following stability assumption on the plant, which
is common in the feedback optimization literature [7]—[9].

Assumption 2 (Stability): 3 a,k > 0 such that, for any
fixed @ € U. and w € W,, the bound ||z(t) — h(u, w)| <
E||zo — h(@,w)|e~**~*), holds for all ¢ > t,, for some
to > 0, and for every initial condition zy € Xy :=
Xeg + Bn(0,,70), 70 < 1/k — diam(X,,), where z(t) is
the solution of (1). O

Assumption 2 guarantees the equilibrium A(u, w) is expo-
nentially stable, uniformly in time. Using this, the existence
of a Lyapunov function is guaranteed by the following result,
which is a slight extension of [14, Prop. 2.1].

Lemma 2.1: (Existence of a Lyapunov function): Consider
the system (1) satisfying Assumptions 1-2, where &j is the
set of initial conditions defined in Assumption 2. Then, for
any fixed w € W,, there exists a function W : Ay xUf — R
that satisfies the inequalities:

di|z = h(u, w)|[* < W(z,u) < dallw — h(u,w)|?,

W e, uyw) < —dslla — hu, )],

ox
ow ow
or | < dile = nw ol |G| < dole = b,
for some positive constants d; < da, ds, dy, ds. A

Our control problem is formalized next.
Target control problem. We consider an optimization prob-

lem of the form:
min

min () £ (h(u, )
s.t. £(h(u,w)) <0, v(u)<0

(2a)
(2b)

where the functions ¢ : R"* — R, ¢ : R” — R, and
¢ : R™ — RP have a locally Lipschitz continuous gradi-
ent (Jacobian), and where y(u) = [y1(u), - ,ym(u)]" :
R™ — R™ is continuously-differentiable. We assume that
U, can be expressed as U, = {u : y(u) < 0}. We note that
the constraints ¢(z) < 0 specify a given desirable set for
the state of the system at steady state; we also notice that
this set is parametrized by the unknown disturbance w since
it can be rewritten as ¢(h(u,w)) < 0. The presence of this
constraint is a key differentiating factor relative to existing
works on online feedback optimization [2], [5], [7]-[9].

We make the following assumptions on (2).

Assumption 3 (Set of inputs): For any i € [m] and any
u € U, it holds that V~;(u) # 0 if v;(u) = 0. O

Assumption 4 (Regularity): Let u* € U, be a local mini-
mizer and an isolated Karush—Kuhn—Tucker (KKT) point for
the optimization problem (2). The following hold:

i) Strict complementarity condition [15] and the linear inde-
pendence constraint qualification (LICQ) hold at u*.

ii) The maps u — v(u), u — ¢(u), u — Y(h(u,w)), and
u — £(h(u,w)) are twice continuously differentiable over
some open neighborhood of u* and their Hessian matrices
are positive semi-definite at u™*.

iii) The Hessian V2¢(u*) is positive definite. O

Assumption 3 is satisfied when U, = {u : |Ju —uo|l, <7}
for a given » > 0 and for 1 < p < 400, or when U, is a
polytope; it is also satisfied in applications such as the ones
described in [1]-[3], [8]. Assumption 4 is satisfied when (2)
is convex with a strongly convex function [3], [8]; here,
we provide a minimal set of assumptions that allows us to
consider non-convex problems while still allowing for strong
stability guarantees as discussed in the next section. We refer
the reader to [16] for the notions of local minimizer and KKT
point. Next, we outline our problem.

Problem (Regulation to optimal solutions): Design a feed-
back controller to regulate inputs and states of (1) to a
minimizer u* of (2) and the optimal state x* = h(u*, w)
without requiring knowledge of the disturbance w, while
respecting input constraints at all times. ]

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

A. Approximate projected gradient controller

To solve our regulation problem, we propose the following
state-feedback controller:

u = nkg(z,u) 3)
Fg(z,u) := argm@in 10 + Vo(u) + J,J—Vzb(x)ﬂg,
ol
s.t. %(x)Jh(u)G < —pl(x), 4)
0
W < —By(u),

where 5 € Ry is a design parameter and n > 0 is the
controller gain. To gain intuition on this design, we note
that (3) is an approximation of the projected gradient flow
U = projy, () (=Vé(u) = J, Vip(h(u,w))), where Tr(u)
denotes the tangent cone of F(u) := {u : £ (h(u,w)) <



0, ~(u) < 0} at u; in fact, one can show [12, Prop.
4.4] that limg_,o F(h(u,w),u) = proij(u)(—V¢(u) —
JIVip(h(u,w))). A key modification relative to the pro-
jected gradient flow is that the steady-state map h(u,w)
is replaced by measurements of the system state z; this
allows us to leverage measurements of the state to steer it
to the solution (u*,z*) of the problem (2) without requiring
knowledge of w.

Assumption 5 (Feasibility and conditions): For all x € X
and v € U, 3 § € R™ such that %(m)Jh(u)Q <
—B¢(x) and g—Z(u)G < —pBy(u). For any x € X and
u € U, (4) satisfies the Mangasarian-Fromovitz Constraint
Qualification and the constant-rank condition [17]. ([l

Since the constraints in (4) are based on techniques
from Control Barrier Functions (CBFs) [12], Assumption 5
guarantees that there always exists a direction that keeps
the system inside the feasible set of problem (2). We show
later that Assumption 5 can be weakened to a subset of X.
Defining 2z := (x,u), the plant (1) under the controller (3)
leads to the following interconnected system:

. f(x7 u’ w):|
z=F(z,w), F(z,w) := , 5)
G Pew= [
with initial condition z(tg) = (z(to), u(to)). Before present-
ing our main convergence and stability results for (5), we
discuss some important properties. The proof of all results
is postponed to Section IV.

Proposition 3.1 (Forward invariance): Let Assumptions
3 and 5 be satisfied. Then, (5) renders the set Y. forward
invariant. A

Proposition 3.2 (Lipschitzness): Let Assumptions 4-5 be
satisfied. Then:
@) for any w € W, u — Fg(h(u,w),u) is Lipschitz
continuous with constant £, > 0 over U,;
(ii) for any v € U., v — Fpg(z,u) is locally Lipschitz
continuous; ~ ~
(iii) For any compact subset X C X and any x € X, u —
Fg(x,u) is locally Lipschitz continuous. A

Proposition 3.1 guarantees that constraints on the inputs
are satisfied, while Proposition 3.2 ensures the existence and
uniqueness solutions in the classical sense; this is a key
advantage over projected gradient flows which may be, in
general, discontinuous.

B. Stability analysis

This section characterizes the stability of (5). We first
establish the existence of a compact and forward-invariant set
for the state x; this is necessary for the Lipschitz constant in
Proposition 3.2(iii) to be well defined and plays an integral
part in the proof of the main stability result.

Define the compact set Xy := {z | dist(x,Xey) <

Vda/d1 (do + diam(X,,))}, where
2(da? ds)lp, M,
do == max{dist(m(to),)(eq), (ds h“—tl 3)r, ao},
3
with g > 0, ap > 0 and M, := max,ey, |Ju — u*].
Proposition 3.2(iii) applies to A} with {5 = 0; we denote

as {p, the Lipschtiz constant of Fg(x,u) w.r.t x over AXj.
The following result establishes forward invariance of Aj.

Lemma 3.3 (Forward invariance): Consider system (5)
and let Assumptions 1, 2, and 5 hold. Assume that

o > 4/ dg/dl diam()(eq). If diSt(CE(to), Xeq)g \/ dl/dQT'() —
diam(X,,) and

d3 .
< \/ - X, .
@0 = 2(£Fx‘€h +d5)€FuMu ( dl/dg’l“o dlam( eq))

Then:

(a) &1 C Ap; and,

(b) for any n < min{mﬂo}, the state x(t)
never leaves X after time t > . A

Note that, since &7 is forward invariant, Assumption 5
can be restricted to &. Additionally, by comparing the KKT
conditions for (2) and for the optimization defining Fj, we
obtain the following result.

Proposition 3.4 (Equilibria and optimizer): There exists
A* such that (u*, A\*) is a KKT point for (2) if and only
if (h(u*,w),u*) is an equilibrium for (5). A

Before stating the main stability result, we introduce
some useful notation. Let Z = (z — z*,u — u*) and
define £ := W lu=ur> €1 = —Amax(F), and
62 = —Amin(F). Then, we can write the dynamics as [13]:

Fg(h(u,w),u) = E(u —u*) + g(u), where §(u) satisfies
Hg(u)H2 < L|lu — u*||3, Yu € B, (u*,d), for some L > 0
and § > 0. Define

0 ;
Smin = _ 4L

€1 ?

if § > <,
if 6 <.

Also, let M € R?*? with entries mq; = (d37d4£h lp,m—

d5€F 77) mio = Mol = —*(0(d4€hu+d5)€F —|—(1 9) KEFT)
maz = (1 — O)ks, where 8 = klp, (erlp, (daln, + ds) +
klp,)"1 and Kk > 0.

Theorem 3.5 (Local exponential stability): Consider the
system (5) satisfying Assumption 1-5, and let (z(t),u(¢)),
t > tg, be the unique trajectory of (5). Assume that ro >
Vda/dqy diam(X,,) and let o satisfy the conditions on
Lemma 3.3. Then, for any £ > 0, any s € (Smin, 1], and
0 <n < min{nf,ns,ao}, with

sdse; ds

*

T e (dabn. +d5)(€r, +e18) 2" 2(duly. + ds)lr,
it holds that M is positive definite and

2] <7 [|2(to)|| e 2Mum2t=t) "y ¢ > 45 (6)

where 7 1=, /71(1 + G+ Ly, ), r1,72 are defined as

71 = max I 726277 ro := min - 726177
v 0d, k(1 —0) 7" 0dy’ k(1 — 6)

and Aps = Amin(M), for any initial condition (z(tg), u(tg))
such that dist(x(tg), Xeq)< 1/2—;7“0 —diam(Xeq) , ||u(to) —
u*l| < ¢ (1 - s). A

Theorem 3.5 establishes local exponential stability of
(u*,z*), where we recall that u* satisfies Assumption 4



and z* = h(u*,w). We note that the free parameter s
affects both \j; and the size of the region of attraction; in
particular, as s decreases, the region gets smaller and A\,
may increase. We also note that the other free parameter x
can be used to maximize \,;ro. However, this is something
that may be burdensome for a numerical perspective. The
result of Theorem 3.5 holds for constant disturbances; the
extension to time-varying disturbances will be the subject
of future research. If the QP problem (4) is not solved to
convergence, then we would have an inexact implementation
of the controller; in this case, by combining Theorem 3.5
and [13, Lemma 9.4], it is possible to derive results in terms
or practical local exponential stability.

IV. PROOFS

For brevity, we use the shorthand notation Fp(u) :=
Fg(h(u,w),u). Consider the variable shift z = z — h(u, w),
which shifts the equilibrium of (1) to the origin. In the new
variables, (5) reads as:

ih(u,w)

= f(&+ h(u,w),u,w) — o

(7a)

U =nFg(Z + h(u, w), u) (7b)

For (7a), we denote by W (Z, u) the Lyapunov function from
Lemma 2.1.

(a) Proof of Proposition 3.1. By definition, %FB (z,u) <
—pv(u) or, equivalently nyiTFg(x,u) < —p7i(u). Then,
using (3), for u € U, = U;{u : v, (u) = 0}, we have
Fi(u) = Vv Fa(x,u) < —Bv;(u) = 0. Hence by Nagumo’s
Theorem [18], {w : v;(u) < 0} is forward invariant for all 3.

(b) Proof of Proposition 3.2. Note that the statement
describes the (local) Lipschitzness of both Fg(x,u) and
Fg(h(u,w),w). To establish these properties, we apply [17,
Theorem 3.6] to show the local Lipschitzness of functions
defined by quadratic programs with parameter-dependent
linear inequality constraints.

For (i), note that (4) with = replaced by h(u,w) (with
h(u,w) € X) satisfies the General Strong Second-Order
Sufficient Condition [17] and Slater’s condition at u € U.
Moreover, the cost and constraints of (4) are twice contin-
uously differentiable. Thus, Fz(h(u,w),u) is locally Lips-
chitz at u € U by [17, Theorem 3.6]. Finally, Fz(h(u, w), )
is Lipschitz on U, due to the compactness of {f.. A similar
reasoning can be applied to prove the local Lipschitzness of
Fg(x,u) in each of its arguments.

(c) Proof of Lemma 3.3. First, it is straightforward to verify
that X3 C Ap. Next, define Xy = {z | infyex,, |z —
a'|| < do}, then z(tg) € Xy G Ay We show that for
n < mm{ﬁ,ao} we have LW (&,u) < 0 for any

dt
z(t) € 21\ X,. Note that,

oW . oW .
ﬁW< W= 5t et 82)
ow oW . OW .

< — ds|| &> + (daln, + ds) ||]|]|Z]

Next, we bound ||u|. If z € A}, then
l[all = nll s (z, w)|| = 0l Fp (2, w) — Fs(u")]|
< l[Fp(z,u) = Fg(w)|| +nl[Fs(uw) — Fp(u?)]]
<nlr, || = h(u, w)|| + ]| Fs(u) = Fg(u)|
Fg(u")|| < lp,|Ju — u*||. Hence, if

(8¢c)

and note that || Fjg(u) —
x € X, one has that

d

<- d3\|53||2 + (dalh, +ds) [|Z]|(Er,nl|Z]| + £r,nllu — u”]])
<(—ds + (dalp,+ ds)lr,n) |2 + (dslp, 4 ds) Lp,nMy[|Z]].

It then follows that 4 W (Z,u) < 0 if

duly, + ds) g nM, d
Jal| > \Gal + o) bond g s
ds — (d4fhu + dS)EFIn (d4£hu + d5)£FI
For any z(t) € \ X2 and
min{m, ap}, one has that

any 17 <

[#(0)] > do > 2t +0)n M
3
(d4€h + d5)€F Mun (d4€hu + d5)€Fu77Mu

s = d3 — (dalp, +d5)lr,n’

implying that 2 W (Z,u) < 0.
Next, we show that (¢) will not exit X;. Otherwise, there
must exist to > 0 such that

x/iean |z(t2) — 2'|| = \/d2/d; (d + diam(X,,)) .

Additionally, we know that inf,,cx,, [|2(0) — 2’| < do, by
continuity, there exists #; such that 0 < ¢; < to, z(t) €
X1 \XQ, infm,e/yeq Hl‘(t) — I/” > do + €, YVt € [tl,tg), and
infy/ex,, [|2(t1) — 2’| < do + 2¢, where € > 0 sufficiently
small. It follows that LW (t) < 0, Vt € [t1,t5); hence, we
must have that lim,_,,— W (t) < W () < W(ty).

On the other hand, we have that lim, g W) >
Vdi|lz(tz) — h(u(tz), w)|| = Vdiinfoex,, [lo(t2) — 2’| =

Vda(dy + diam(X,,)), and
VI (t1) <V/dsla(ty) — t1),w)||
<\/>< mf ||x t1) — 2’| + e+ dlam(Xeq)>

<v/da(do + dlam( Xeg) + 3e€).

Thus, lim, _, - VW () +3ev/da > /W (t1). If welete — 0,
one would have that lim, ,— /W (t) > /W {(t1), which is
a contradiction. T \/ " \/ =

(d) Proof of Theorem 3.5. In order to demonstrate the local
exponential stability of the interconnected system, we first
establish an intermediate result pertaining to the stability of
the “open-loop controller” i = Fjg(u) at u*.

We note that Fjg(u) is well-defined for any u € U, since
the constraints in Fz(h(u,w),u) are always feasible by As-
sumption 5. By Assumption 4, and using [12, Lemma 5.11]




and [12, Theorem 5.6(iii)], we deduce Fj is differentiable at
u* and its Jacobian F = aFB(“) |u=qy+ is negative definite;
let P = r [~ (exp(E()T exp(EC)d( for some k > 0. By
[13 Theorem 4.10], it holds that PE + ETP = —kl,, and
gl — w3 < (u—u*)TPu—u*) < g flu—u*|3. Let
V(u) := (u—u*)" P(u—u*); then

(u—u*)" PFs(u) + Fa(u)" P(u—u*)
=(u—u*)" (PE+E"P) (u—u")
u*) T Pg(u)

w* |+ 2l|u — w1 P[|g () |

* K * *

< = hillu —u[* + pod i 1 L I?

where the last inequality holds for all |u — u*|| < p <
min{d, e;/L}. For & = nFg(x,u), it follows that

lV lu—'—P(u —u*) + 1(u —u*)" Pu
n n n
= 2F5(u) " P(u—u*)
+2(Fp(x,u) = Fa(uw) " P(u—u")

KJL * w12

< (ot =l ) =l
€1

2l — P ) — (e )

%112 R *
< —ksllu—wu ||2+;1||U—U ([l (Fs(w)

— Fg(z,u))||
where the last inequality holds if [[u — u*|| < (1 — s),
for any s € (Smin, 1]. In the proof of Lemma 3. 3 we have
shown that %W(i“,u) < —d3||Z||? + (daln, + ds) ||u]|]|Z]]
and [lif] < 0l llz — h(u, w)]| + il Fa(u) — Fa(u*)]. Since

[Fa(u) — Fg(z,u)|| < lp,[lz — h(u,w)| and ||Fp(u) —
Fg(u")|| < 4g,|lu — u*|, one has that, if ||u — u*|| <
(1 —=5), 5 € (Smin, 1], then

d1 Y4

GV < s fu =+ ZE =3l 9)

dW( u) <(—ds + dylp, lr,n + dslp,n)|| ]

dt > 3 4€n, LF,T] 5CF, T (10)

+ (daln, + ds)lr,n||Z||Ju — 7.

Next, define the Lyapunov function candidate v(Z,u) :=
H%W (Z,u)+(1— 9)%1/ (u) for (7). Using (9) and (10), the
following holds if ||u —u*[| < Z(1 — s):

d 0 i
V(@ u) < p ((—ds + daly, Le,n + dstr,n)|Z]?
+(daln, +ds)lp,n||Z|Ju — u”|)
KLF,

+ (1= 0)(—rs |lu—u*|f5 +

L )
= _CTM47

where ¢ = (||Z],|lu — w*||)T, and 6 € (0,1), n > 0. To

ensure that v(Z,u) is a valid Lyapunov function candidate,

we need M to be positive definite. Since M is symmetric, the
sufficient and necessary conditions for positive definiteness

are my; > 0 and my1ma2 > moymie, which are equivalent

d3
ton < dalp, Lr, +dslr, and

S

1
74901 = 0)rds
lp s

Zx (dalh, + ds)

3

1 o , 1-6
= 2
drds (1—90‘1+ g 2T alo@)
lr

éFS 1
dsl ds) > —
2, (dylp, + ds) Kd3041042+

€1

E 2
<0(d4€hu +ds)lp, +(1—0)2 Fw)

S

+ d3

wl Fg

where a1 = (dglp, + ds)lF,, ag = .= for brevity. The
last inequality comes from the arithmetic-geometric mean
inequality [19], and equality can be attained if and only if
%a% =1 eeag, which is equivalent to 6 = In the

rest of the proof, we fix

a1 +o¢z

9 — (65) - KEFI
a a1 + a2 a elﬁpu (d4€hu + d5) + Hepz '

Sdgel
] = Lry (daln, +ds) (L, teis)” .
Since we need x(¢) staying in Xp, the valid range of 7 is

i

Therefore, one has that n < ;

sdszeq @ ds
o £y (daln, +ds)(Lr, +ers)’ 0> 2(dylh,, +ds)lr,
combining the limitation for 7 in Lemma 3.3.

To conclude, we first note that

n < min

ICIZ = N2 + flu — w2 < dW+@v
112 = 1212 + lu —u*|]? > dw+@v

=rg
Let Ap; be the minimum eigenvalue of M; then, v <
=AumllC)? = =An(1Z]” + [lu — w*[|*) < =Aprrav. By the
Comparison Lemma [13, Lemma 3.4], it follows that v(¢) <
v(to) exp(—Anr2(t —to)) if ||u(to) —u*|| < F(1 —s), for
all s € (Smin, 1]. Besides, we note that ||C(¢)]| and ||Z(¢)]|
satisfy the following:
121 =llz — h(u*, w)[|* + [Ju — u*|?
<12l + 7w, w) = h(w*,w)[)? + [lu — uw*|?
<IN + 20n, 2] [ — w*|| + €3, llu — u*|?
<@+ GICEN + r, (1ZN7 + llu — 1)
=1+, + tu,)ICH).

Similarly, one can show that [|(()I> < (1 + ¢ +
n )12, Hence, [|2(t)]] < \/(lJrK%Lu + L, )ro(t) <
\/(1 + éiu + 4p,, )riv(to) exp (—%)\MTQ(t — to)) < (1+
O+ n)y 2N Z() || exp (=3 Anra(t — to)), for all ¢ >
to, if |u(to) —u*|| < G (1 — s), for all s € (Smin, 1].




V. REPRESENTATIVE NUMERICAL RESULTS

In this section, we apply (5) to the problem of regulat-
ing the position of a unicycle robot to the solution of a
constrained optimization problem. Specifically, the unicycle
dynamics [20] read as @ = v cosf, b= v1 8in 6, 0 = Vg,
where vy, vy € R are the low-level inputs, the state is * =
(a,b,0), with (a,b) the position in a 2-dimensional plane,
and § € (—m, 7] its orientation with respect to the a-axis.
We consider the cost functions ¢(u) := 0.05||ul|3, ¥ (z) :=
[(a,b) — Zwareet||3 and constraints u € U, = {(uq,up) |
—10 < ug,up < 10} and 4(z) := |(a,b)]|3 — 0.9 < 0,
where Zree = (0.6, 0.8) is the targeted final position of the
robot. Here, we follow [11] and focus on the error variables
¢ = |lu—(a,b)7[| and 6 := atan2 (2=2) — g, whose
dynamics yield a globally exponentially stable equilibrium
point (£,60) = (0,0) with the choice v; = k¢ cos(f) and
vo = k(cos(f) + 1)sin(d) + kO, where u = (uq,up) is the
high-level control input given by the optimization problem.
Finally, we model measurement errors in the state = by
instead considering (&, b) := (a,b) + w, where w € R? is a
constant disturbance.

In Figure 1, we apply (5) to regulate u and x toward the
minimizer with initial condition x(0) = (0,—1,0), «(0) =
(0,0) and parameters 8 = 10, k = 2, n = 0.1. In Figure 1(a),
we plot the trajectories of (a,b) and steady-state mapping
h(u(t), w) with and without disturbance w. For both cases,
all trajectories converge to the corresponding equilibrium
h(u*,w). In Figure 1(b), we plot the error ||Z(¢)||. For both
cases, the error curves can be upper bounded by a plot of
an exponentially decreasing function, in consistency with
Theorem 3.5.

——Boundary
038 * x* with disturbance
0.6 I—h(u(t),w)

- - -x with disturbance
0.4f A x* without disturbance
—h(u(t),0)

0.2 - _x(t) without disturbance
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(b) Error plot

Fig. 1. Trajectories for the interconnected system and error plot.

VI. CONCLUSIONS

We proposed a state feedback controller based on a contin-
uous approximation of the projected gradient flow to regulate
a dynamical system to optimal solutions of a constrained
optimization problem. In particular, the optimization problem
can have nonlinear inequality constraints on the system state.
We derived sufficient conditions to ensure that isolated lo-
cally optimal solutions for which the strict complementarity
condition and the LICQ hold are locally exponentially stable
for the closed-loop system. Future research efforts will look
at extensions of our results to time-varying disturbances and
to sample-data implementations of our controller.
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