Homework 3

18a. We set x(t) = 6(t) to get the impulse response of the system:
4h"(t) = 26(t) — 6'(b).

Following the algorithm on Page 166, we get that n = 2, m = 1, m < n. Therefore our solution looks
like

h(t) = hpom (@©u(t).
The homogeneous solution Ay, (t) should satisfy 4hy),,,, (t) = 0.
hpom (t) = Cit + Cy, h(t) = (C1t + C)u(t).

Now we need to determine constants of integration. In order to do that we integrate original
equation once fromt =0~ tot = 07,

0+ 0+
4h'(0+) —4h'(0—-) =2 s(tydt— | ¢&'(t)dt =2,
0- 0-
h'(t) = Cu(t) + (Gt + C)6(),  h'(0-)=0,h"(0+) =C;.
Therefore we get 4C; = 2, C; = 0.5. Now we integrate the initial equation twice:
4h(0+) —4h(0 =) =2 7 [*_&(s)dsdt — [, [*&'(s)dsdt = —1,
h(0-) =0,h(0 +) =C,, 4C, = -1, C, = —0.25.
The final answer is: h(t) = (0.5t — 0.25)u(t).

18b. We set x(t) = §(t) to get the impulse response of the system:
h"(t) + 9h(t) = —66'(t).

Following the algorithm on Page 166, we get that n = 2, m = 1, m < n. Therefore our solution looks
like h(t) = hpom(E)u(t).

The homogeneous solution Ay, (t) should satisfy hy,,,, (t) + Ohpom (t) = 0.
hpom(t) = Cy cos 3t + C, sin3t, h(t) = (C; cos 3t + C, sin 3t)u(t).

Now we need to determine constants of integration. In order to do that we integrate original
equation once fromt =0~ tot = 0F.

0+ 0+
RO -0+ h@dr==6[ §'@d=0,

0—

h'(t) = (—3C; sin3t + 3C, cos 3t)u(t) + (C, cos 3t + C, sin3t)6(t),



0+
(0= = 0,h'(0 +) = 3G, 9f h(O)dt = 0,

Therefore we get 3C; = 0, C, = 0. Now we integrate the initial equation twice:
RO )= hO0 =) +9[)* [* h(s)dsdt = =6 [ [, 6'(s)dsdt = -6,
h(0 =) =0, h(0+) =Cy, 9f," 5 h(s)dsdt =0, C; = —6.

The final answer is: h(t) = —6 cos 3t u(t).
20. Assume that fi(x) # 0for0 < x <4 and f5(x) # 0for —3 < x < —1. From definition of

. oo
convolution f; (x) * fo(x) = [__ fi(s)fo(x — s)ds.
0 < s < 4, since f; # 0 when its argument is in this range ;
—3 < x —s < —1,since f, # 0 when its argument is in this range ;

Combining both inequalities we get —3 < x < 3, which is the answer of the problem, because x is
the argument of convolution.

23. Recall that §7(t) = Yn-_o 6(t — nT),n - integer, f;(x) * fo(x) = f_oooo fi(s) fo(x — s)ds.
Answers: A - 2,4; B-none; C-6;D-5;E-1,3,8.

Let us consider the general case A * 6y (t) * rect(t * M) = A * Yoo f_oooo 6(t — Nn)rect(M *
(t—1))dr=A* X2 _,rect(M = (t — Nn)). A —amplitude, N - period, M — time scaling.

1 Lo .
Xt A=1,N=2,M = > This means that each rectangular function is non-zero over interval of

length 2. Also the period of rect functions is 2. So they stand side by side of each other without
breaks and do not overlap. Since amplitude is 1, the sum of such rectangular functions is just a line
y = 1, which corresponds to graph E.

X,: Xy = 4 * x4.So the answer is a line y = 4, which corresponds to graph A.

1 1 . . .
X3: A= " N = > M = 1/2. This means that each rectangular function is non-zero over interval of

length 2. The period of the functions is %2 . These functions overlap and exactly 4 rectangular
functions cover each point, their value add up to the line y = 4. After scaling the result with factor

of A = iwe obtain the final result graph E.

X4: X4 = 4 * x3.So the answer is a line y = 4, which corresponds to graph A.

xs: A=1,N = 2,M = 2. Each rectangular function is non-zero over interval of length % . Also the
period of rectangular functions is 2. This means that there is a space between each 2 functions

o 13 : : .
which is equal to 2 — =5 Since amplitude is 1, the sum of such rectangular functions corresponds

to graph D.



Xg:Xe = 4 * x5. So the answer is graph C.

xX: A= i, N = %, M = 2. Each rectangular function is non-zero over interval of length %4 . The
period of rectangular functions is %2, they do not overlap and span the whole domain without
breaks. The amplitude is %, the final graph is supposed to be aline y = i that does not correspond

to any given graph.
Xg:Xg = 4 * x7. So the answer isaliney =1 or graph E.
27a. The system equation is: y''(t) + ay'(t) + by(t) = x(t).

To find the impulse response h(t) we solve h''(t) + ah’(t) + bh(t) = 6(t). We start with computing
solution of the corresponding homogeneous equation

h;{om(t) + ah;lom(t) + bhhom(t) = 0.

—a++Vva?—4b

Az+al+b=0, 11,2= 2

) hhom = Clellt + Czelzt.

For this equation h(t) = hpem (Du(t) = (Cre*tt + C,e*2t)u(t). The stability of the system will be
guaranteed if the impulse response is absolutely integrable. This requires real parts of A to be
negative. It will prevent response from growing.

Let us proceed with solving for unknown constants Cj, C,. For this purpose we integrate the original
equation from t = 0~ to t = 0% once and twice:

( 0+ 0+
|

h'(0*) —h'(07) + ah(0*) —ah(07) + b h(t)dt = §(H)dt =1,

) o o

0+ 0+ ,t 0+ rt
| + _ - _ —
(109 —h(0) +a f h©det s | f_ h(s)dsde = fo ) f_ 5(s)dsde=0.

We notice that all integrals in the left hand sides are equal to zero because the impulse response
h(t) does not have singularities. Also, h(0~) = h'(0™) = 0 because the only excitation of the system
occurs at time t = 0. Therefore one gets

{h’(O*) +ah(0%) =1, {h'(o+) =1,
h(0*) = 0. h(0*) = 0.

One needs to be careful evaluating h(0*), h'(0%) considering complex or real 4, ,. Values of
parameters are set tobe a = 0.5,b = —0.1,4; = 0.1531, 1, = —0.6531. Because of the 1; we
already expect system to be unstable. Substituting those values we get

R(0%) = C, + C, = 0, K (0%) = 0.1531C; — 0.6531C, =1, = C; = 1.2404,C, = —1.2404.
h(t) — 1.2404(60'153“ o e_0'653”)u(t).

J2, IR(®)|dt = 1.2404 [ (%1531t — ¢ =06531t) gt = 0o, Not BIBO stable.



If we redefine the response such that real parts of 1 are all negative, system will be stable. For
example, pair a = 0.5, b = 1 would determine a stable system.

27b. The system equation is: vy’ (t) + ay'(t) + by(t) = x"'(¢).

To find the impulse response h(t) we solve h"'(t) + ah’(t) + bh(t) = 6" (t). The homogeneous
solution is the same as in Part a. However the impulse response will contain additional term

h(t) = hpom (Ou(t) + C5(t) = (CreMt + Cre?2t)u(t) + C5(t)

since in this problem the orders of highest derivatives of left and right hand sides of the equation
coincide. In order to determine three constants C, C;, C, the original equation is integrated three
times from t =0~ tot = 0*:
( 0+
h'(0*) — h'(07) + ah(0%) —ah(07) + b h(t)dt =6'(0*) - 6'(07) =0,
0_
0+

I oho" —r ) +a| h@de+p f h(s)dsdt = 5(0+) — §(0°) = 0,

0+ 0+

h(t)dt + af f h (s)dsdt + bf f f h (w)dwdsdt = s(t)dt =1.

0_

0_

We notice that all double and triple integrals in the left hand sides are equal to zero because the
impulse response h(t) has §(t) singularity and it disappears after first integration. Also,

h(07) = h'(07) = 0 because the only excitation of the system occurs at time t = 0. Therefore one
gets

0+
h 0*) + ah(0t) + b h(t)dt =0, (h(0%) = b— a2
o _
0+ I h(0+) —

{ h(0*t) +a h(t)dt = 0, :4'

o4 0= k h(t)dt =1.

h(t)dt = 1.

L 0_

The bottom equation in the system defines C = 1. Again, values of parameters are set to be
a=050>b=-01,14, =0.1531,4, = —0.6531.

{h’(0+) = —0.35,
h(0*) = —0.5.

h(0*) =C, + C, = —0.5, ’(0%) = 0.1531C; —0.6531C, = —0.35, = C; = —0.8392,C, = 0.3392.
h(t) = (—0.8392e%1531¢ + (0.3392e7 06531y (¢t) + §(t). Again, system is BIBO unstable.

28. The system equation is: vy’ (t) + gy’(t) + %y(t) = x(t). Welet x(t) = §(¢t) to find the impulse
response h(t).

The homogeneous solution of this equation is hy, (t) = e 3(61 sin— \/_ + C; cos \/_)



. . _t .t t
The impulse response accordingly has the form h(t) = e 3(C; sin-— + C, cos ﬁ)u(t).

Integrating equations once and twice from t = 0~ to t = 0% one gets equations

( 2 1 0+ 0+
4I h'(0Y) —h'(07) + 3 [R(0*) —h(07)] + 3 h(t)dt = S(dt =1,
0- 0-
| . ~ 2 0+ 1 0+ ,t 3 0+ ,t 3
(A0 =k +5 | h@de+3 fo ) f_wh(s)dsdt _ fo ) f_ B(s)dsde =0,

0_

Note that all integrals in the left hand sides are equal to zero because solution y(t) does not have
impulses in it. Terms computed att = 0~ are equal to zero as well, since solution is equal to zero
for all negative t’s.

{h'<o+> +3[h0OD =1, ron -1
h(0+) = 0. h(0™) = 0.

We evaluate h(t = 0Y) = C, =0, then h'(t = 0%) = C; = = 1,C; = 6v/2. The impulse response

1

62
t

of the system is equal to h(t) = 6/2 e 3 sin%u(t).

Stability check: System is BIBO stable if its impulse response is absolutely integrable. Let us check
this condition

(0] [ee) t t [ee] t
f |h(t)|dt=f 6V2 e73| sin—|dt§6\/§f e 3dt = 18V2 <
—e 0 6v2 0

Conclusion: system is BIBO stable. Note that the same result one can get investigating the
eigenvalues of the original equation. One can calculate them 4, , = —0.3333 £ 0.1179i and notice
that their real parts are negative which means that system is BIBO stable.
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