MAE 289A: Mathematical Analysis for Applications (F15)
Homework #5

’ Due on 11/5/15 ‘

. Let X be the space of nxn matrices, equipped with the induced Ly norm (i.e., | Al|2 = sup, [[Az[]2/[|x||2,
where ||z]|2 is the Euclidean norm on R"). Let S= be the subset of X consisting of positive semidefi-
nite, symmetric matrices. Prove that S,% is a pointed, proper, convex cone.

(A cone K is pointed if KN —K = 0, and solid if the interior of K is not empty. A cone that is convex,
closed, pointed and solid is called a proper cone.)

. Let S C R, S # 0 with z = inf(S) > —oo. Prove that there exists a sequence {x,}>°, C S such that
Ty = 2.

. Suppose {p, }2°; C A does not have any convergent subsequences. Prove that for any p, € {p,}22,,
there exists § > 0 such that Bs(pi) N {pn}o>, = {pr} (the set consisting only of the point py).

n=1 "

Hint: Reason by contradiction.

. Let s = /2 and define

Sn+l = 1/2 4+ \/Sn, n € N.
Prove that s, < 2 for all n € N and that {s, } converges.
Hint: Use induction and prove that the sequence is monotonic.

. Suppose that {p,}2, is a Cauchy sequence in a metric space X, and some subsequence {py, }7°,
converges to a point p € X. Prove that the whole sequence {p, }2; converges to p.

n=1

. Let {p,}°2; and {g, }°>; be Cauchy sequences in a metric space X. Show that the sequence {d(¢n,pn)}o>,;
converges.

Hint: Note that, for any m,n € N, by the triangle inequality,

d(pn, qn) < d(pn,pm) + dPm, ¢m) + d(Gm, Gn)-

Therefore, it follows that |d(pn, ¢n) — d(Pm, ¢m )| is small if m and n are large. Use this fact!



